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GEOMETRIC REALIZATIONS OF AFFINE HECKE
ALGEBRAS WITH UNEQUAL PARAMETERS

JONAS ANTOR

ABSTRACT. We give a K-theoretic realization of all affine Hecke algebras
with two unequal parameters including exceptional types. This extends
the celebrated work of Kazhdan and Lusztig, who gave a K-theoretic
realization of affine Hecke algebras with equal parameters, and com-
plements results of Kato, who extended this construction to the three-
parameter affine Hecke algebra of type C. A key idea behind our new
construction is to exploit the reducibility of the adjoint representation
in small characteristic. We also show that under suitable geometric
conditions, our construction leads to a Deligne-Langlands style classifi-
cation of simple modules. We verify these geometric conditions for G2
thereby obtaining a full geometric classification of the simple modules
for the affine Hecke algebra of G> with two parameters away from roots

of unities.
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1. INTRODUCTION

A famous theorem of Kazhdan and Lusztig [KL87] states that affine Hecke
algebras with equal parameters can be realized geometrically via the equi-
variant algebraic K-theory of the Steinberg variety (see also [CG97]). This
was used to prove the Deligne-Langlands conjecture which gives a geomet-
ric parameterization of the simple modules of these algebras away from
roots of unities. In later work, Lusztig also gave a geometric construc-
tion of certain graded Hecke algebras via equivariant Borel-Moore homology
[Lus88, Lus9sb], leading to a Langlands classification of unipotent represen-
tations of p-adic groups [Lus95a, Lus02]. This construction allows some
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unequal parameters but only those which are certain specific integral pow-
ers of a single parameter. Thus, it cannot be used to study affine Hecke
algebras with arbitrary unequal parameters.

In type C, this limitation was overcome by Kato who gave a K-theoretic
construction of the corresponding affine Hecke algebra with three arbitrary
unequal parameters [Kat09]. This also yields a Deligne-Langlands style clas-
sification of simple modules under some mild assumptions on the parameters.
The affine Hecke algebra of type B with two parameters can also be studied
with these methods since it can be realized as a quotient of the type C affine
Hecke algebra. However, Kato’s construction doesn’t allow to study affine
Hecke algebras with unequal parameters of exceptional type.

In this paper, we give a uniform K-theoretic construction of all simple
affine Hecke algebras with two unequal parameters including exceptional
types. Note that, except for type C, affine Hecke algebras of simple type
admit at most two parameters, so we cover almost all cases of unequal
parameter Hecke algebras. Our construction also extends beyond simple
types with possibly more parameters, and it recovers the equal parameter
construction as a special case. However, for simplicity, we will focus on the
simple case with two parameters in the introduction.

A key idea behind our new construction is to exploit certain small char-
acteristic phenomena, in particular the reducibility of the adjoint repre-
sentation. Kato already observed in [Katll] that the geometry underlying
his construction of unequal parameter Hecke algebras in type C is closely
related to certain characteristic 2 phenomena, though this wasn’t used to
study affine Hecke algebras outside of classical types.

Let G be a simple algebraic group of non-simply laced type defined over an
algebraically closed field k£ with root system ®. Recall that the characteristic
p of k is called special for G (c.f. [Ste63]) if it is equal to the ratio of the
lengths of the long and short roots of G, i.e. if

e p =2 when G is of type B,,C, or Fj,

e p =3 when G = Gbs.
Let g be the adjoint representation of G. Then there is the following ele-
mentary but important observation of Hogeweij and Hiss.

Theorem. [Hog82, His84| If p is special for G, then there is a G-stable
subspace gs C g whose non-zero weights are the short roots of G.

Let p be special for G and pick gs as above. The G-representation
Vi=gs® g/ 9s

admits a canonical G x G, x G,,-action where each G,, acts by scaling one
of the summands. Fix a Borel subgroup and a maximal torus 7' C B C G
and let @~ C ® be the set of roots that appear in Lie(B). Taking V'~ :=
@D.co- Va we can define an analogue of the Springer resolution

V=GxBV-EV, (4,v)— gv.
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We denote the image of this map by 9t(V) and write B, = p~!(z) for the
fiber over « € V. There also is an analogue of the Steinberg variety:

Z::‘N/XVV.

Using the convolution formalism from [CG97], we can equip K &*Cm*Cm (7)
with an algebra structure. Let H;E[H be the (extended) affine Hecke alge-
bra with two parameters (see Definition 2.7 and the paragraph after Theo-

. . . . . ﬁ'
rem 2.19). The following theorem gives a geometric realization of HZ ' .

Theorem A. (Theorem 2.19) There is an isomorphism of algebras

Hzﬁqz ~ KGXGmXGm(Z).

Note that the theorem above does not assume that G is simply connected
which is the running assumption in [KL87, CG97]. However, this assumption
will come in when we study the representation theory of H(‘;ﬁqz which is what
we discuss next.

While our geometry is in positive characteristic, we only consider repre-
sentations over the complex numbers. To classify the simple ’Hgﬁqz—modules,
we first parameterize the central characters and then study the simple mod-
ules one central character at a time. Consider the complex torus T :=

C* @z X«(T) and set
T :=T x C* x CX.

The (complexified) center of ’Hgﬁqz can be identified with the ring of func-

tions on 7/W. This yields a bijection
T /W <L {Central characters Z(H>

q1,92

) —C}
ar— Xa

classifying the central characters. In the equal parameter setting, the ap-
proach in [KL87], [CGI7| studies representations of affine Hecke algebras
with a fixed central character by considering the a-fixed point locus of the
Steinberg variety and Springer fibers. Since our geometry is defined in posi-
tive characteristic and a lives in the complex torus ’7', we cannot take a-fixed
points directly. Instead, we consider the characteristic p torus

T :=T x Gy, x Gy,

which has the same character lattice as 7. We then take fixed points with
respect to the diagonalizable subgroup scheme

Ty, == Spec(k[X*(T)/{A € X*(T) | AMa) = 1}]) c T.

When G is simply connected, the centralizer GT* is connected and reduc-
tive and its root system consists of all roots that vanish on a (see Lemma 3.3,
Lemma 4.22). Note however that the group scheme T, may not be reduced
and the centralizer and fixed point loci depend on that non-reduced struc-
ture.
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For each x € M(V)?a, the component group A(a,z) := GLe/(GLa)° nat-
urally acts on H,(B). In analogy with the Deligne-Langlands correspon-
dence, one expects that the irreducible representations of ’Hgﬁqz with central
character y, should be parameterized by the following set of ‘Langlands pa-

rameters’:
P(G,V.a) = {(x,p) | & € V)T, p € Ira(A(a, x)), H, (BT, # 0}/GT=.

One of our main results shows that there indeed is such a parameterization
under certain geometric conditions. For this, we will construct in (13) an-
other diagonalizable subgroup scheme S, C T associated to a and consider
the geometry of the pair ((G®+)°,V52). This is motivated by the reduc-
tion theorems in [Lus89, BM93] which replace the affine Hecke algebra by
a smaller affine Hecke algebra which is better behaved with respect to the
chosen central character. We then define some geometric conditions for
the pair ((G%)°,V5e): Condition (A1) states that there are finitely many
nilpotent orbits associated to this pair. (A2) essentially says that there is a
well-behaved associated Springer correspondence. (A3) states that the odd
Borel-Moore homology of the associated Springer fibers vanishes. (A2’) is
a stronger version of (A2) which states that certain component groups act
trivially (see Section 4.1 for the precise statements). Assuming (A1)-(A3),
we obtain the following parameterization of simple modules.

Theorem B. (Theorem 4.26) Let a = (s, t1,t3) € T and assume that

o (5 is simply connected,
o (t1,t2) C C* is torsion-free,
o (A1)-(A3) hold for ((GS+)°,V%a).

Then the number of GTa_orbits on ‘ﬁ(V)Ta 1s finite and there is a bijection

{L € Trr(H2T

0.02) | L has central character Xa} 4 P(G,V,a).

If in addition (A2’) holds for ((G°*)°, V), then there is a bijection

{L € Trr(H2E

m.q2) | L has central character Xa} 4 sﬁ(V)T“/GT“.

Without the assumption that (t1,t2) is torsion-free, this correspondence
breaks down in general. In fact, it can happen that ‘J‘((V)Ta has infinitely

many GTe-orbits (c.f. Example 5.7) but there are always only finitely many
irreducible Hzﬁq2-representations with a given central character. This is in
contrast to the characteristic 0 setting where the fixed-point space always
has finitely many orbits (c.f [CG97, Prop. 8.1.17]).

For G = Gy we verify by direct computation that (Al), (A2), (A3) and
(A2’) always hold. This yields the following ‘exotic Deligne-Langlands cor-

respondence’ for Gs.



GEOMETRIC REALIZATIONS OF AFFINE HECKE ALGEBRAS 5

Theorem C. (Theorem 5.5) Let G = Go. Then for any a = (s,t1,t2) € T
such that (t1,t2) C C* is torsion-free, there is a bijection

{L € Trr(H2TE

ql,qQ) | L has central character Xa} <1_% m(V)Ta/GTa‘

Note that this correspondence does not involve local systems which gives
a cleaner picture than the classical Deligne-Langlands correspondence for
Gs (see Example 5.6). Moreover, for a = (e,1,1) € T the theorem above
specializes to an ‘exotic Springer correspondence’ for Ga:

Irr(W) & N(V)/G.

This is again cleaner than the classical Springer correspondence of G in
characteristic 0 which involves local systems. The classical Springer corre-
spondence for G5 in characteristic 3, on the other hand, also doesn’t have
non-trivial local systems [Xuel7].

We expect that the conditions (A1)-(A3) hold for all reductive groups
and a class of representations V' which we call ‘rooted’ (see Definition 2.13)
while condition (A2’) only holds in certain cases. The class of rooted repre-
sentations includes the representations V' = g5 @ g/gs considered above as
well as the adjoint representation. Note that for the adjoint representation
condition (A1) states that there are only finitely many nilpotent orbits (in
the classical sense). In good characteristic there is a uniform proof of the
fact that there are only finitely many nilpotent orbits [Ric67], however in
bad characteristic, this has only been established using a case by case analy-
sis and explicit computation [Stu71, Hes79, Spa83, Spa84, HS85|. Since our
main interest is in special characteristic which is always bad, we expect that
finding a uniform proof of (A1)-(A3) for the representations V = g, ®g/gs is
difficult while a proof via case by case analysis might be more manageable.
We will investigate conditions (A1)-(A3) in the F, case in separate work.
This case is of particular interest since Go and Fj are the only exceptional
types for which the affine Hecke algebra admits unequal parameters.

This paper is organized is follows. In Section 2 we prove our geometric
realization theorem. In Section 3 we deduce from this that the affine Hecke
algebra at a central character can be identified with the Ext-algebra of a
certain semisimple complex of perverse sheaves (see Theorem 3.10). In Sec-
tion 4 we discuss the geometric conditions (A1)-(A3) and (A2’) and show
that they imply a Deligne-Langlands classification of simple modules. We
first show this for ‘positive real central characters’ by adapting arguments
from [Kat09] and [Ree02] and then show that the general case can be re-
duced to the positive real case. In Section 5 we verify conditions (A1)-(A3)
and (A2’) for G2 and deduce the Deligne-Langlands classification of simple
modules for Go. In Appendix A we summarize the necessary background
material on equivariant K-theory and Borel-Moore homology.

Acknowledgements. I am thankful to Dan Ciubotaru, Ian Grojnowski
and Kevin McGerty for useful discussions.



6 JONAS ANTOR

2. A GEOMETRIC REALIZATION

Throughout this paper, let G be a reductive group defined over an alge-
braically closed field k. Fix a maximal torus T’ C G and let (X*(T'), X.(T), ®, ®")
be the corresponding root datum. Fix a system of positive roots &+ C ®
with simple roots II C ®* and denote the set of negative roots by ®~ =
—®*. Let B be the corresponding (geometric) Borel subgroup, i.e. the
Borel subgroup whose Lie algebra has non-zero weights ®~. We denote by
B = B(G) = G/B the flag variety of G. Let W = Ng(T)/T be the Weyl
group of G. For any w € W we denote by w € Ng(T) a lift of w. The
root group associated to « will be denoted by U, C G. The G-equivariant
K-theory (i.e. the Grothendieck group of equivariant coherent sheaves) will
be denoted by K%(—) and the Grothendieck group of equivariant perfect
complexes by Kg(—) (see Appendix A.1).

2.1. K-theory of vector bundles and Steinberg varieties. For any B-
module W there is a corresponding G-equivariant vector bundle 7 : G x?
W — B. Using the Thom isomorphism and the induction isomorphism (A.2)
we can identify

(1) KC(G xBw)=KYB) = KB(pt) = KT (pt) = Z[X*(T)).

Under this isomorphism, the element e € Z[X*(T')] corresponds to 7*[€y] €
K% (G xP W) where &, denotes the line bundle on B whose fiber over B
has weight A. From now on we will identify Z[X*(T")] and K (G xB W) via
this isomorphism. We will need the following two standard results about
the equivariant K-theory of vector bundles.

Lemma 2.1. Let V be a B-module, V! C V a B-stable subspace and denote
byv: G xBV' < G xBV the inclusion. Then the map

K9G xBV') 15 K9G xP V)
is given by multiplication with \¥(V/V') := H)\ex*(T)(l — e_)‘)dim(v/vl)k.

Proof. Consider the projections 7 : G xBV — Band 7’ : G xB V' — B.
Then, for any p € X*(T'), we have
Al

L (7)E,] €] ) LOgsv] © TIEL.

Thus, ¢, acts by multiplication with t.[OgyBy-/], so it suffices to show that
L [Ogyny] = AV(V/V'). Using the induction isomorphism (A.2) and the
fact that K2(—) = K7 (—), we may reduce to the case where G = B =
T. Choosing a splitting V' = V' @& V/V' as T-modules, we can view the
inclusion ¢ : V' < V as the zero section of the T-equivariant vector bundle
p1: V — V' with fiber V/V’. Let £ be the T-equivariant locally free sheaf
on V' corresponding to this vector bundle. It now follows from the Koszul
resolution

functoriality

o= AMprEY = A%iEY = 1,0y — 0
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that
1 ]Oy] = Z( 1) [A'piEY]

:Z Z ) dim(AY(V/V'))y - e

T AeX*(T
= H (1_6— )dlm(V/V’)A
AEX*(T)
= \(V/V).
O
Lemma 2.2. Let o € II be a simple root and let P, = B U Bs,B be the

corresponding parabolic subgroup. Let V' be a P,-module and consider the
projection T : G xBV — G xT« V. Then we have

* A A_sa(N)—a
WQ(WQ)*B =< 16_6704

in K¢(G xBV).

Proof. Let L, be the standard Levi in P,. There is a commutative diagram

K% G xBV) == K% G/B) == K" (P,/B) =——= K= (P,/B)
K(G xPV) == K%(G/Py) == (pt) === K"=(pt)

where the horizontal identifications are induced by Thom isomorphisms,
induction isomorphisms and restriction along L, C P,. Note that P,/B is
the flag variety of L, so the map Kl (P,/B) — K% (pt) is given by the

(rank 1) Weyl character formula e* % which holds in arbitrary

characteristic (c.f. [Jan87, I11.5.10]). O

Let V be a G-representation and V'~ a B-stable subspace. Let
V=GxPVv - ={(¢4Bv)eBxV|gltveV}
which comes with a canonical morphism
vV v, (9B, v) — v.
The associated ‘Steinberg variety’
Z =V xy V={(q1B,v1),(g2B,12)) € VXV | v; = v3}
comes with a canonical projection map

TXxm:Z — BxB.

Remark 2.3. The fiber product Z =V xy V is taken in the category of va-
rieties here, 1.e. Z 1is the underlying reduced scheme of the scheme theoretic
fiber product V' xfﬁh V. One can also work with V xfﬁh V' which may not be
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reduced. The difference between the two essentially does not matter for our
purposes since K -theory does not detect the non-reduced structure.

Note that we can view Z as a closed subvariety of the smooth variety
V x V. Then convolution with respect to the ambient space V x V equips
K%(Z) with the structure of a K%(pt)-algebra (see (A.3)). The inclusion of
the diagonal Za := V X7 V C Z induces a map K%(Za) — K%(Z) which
is an algebra homomorphism by Lemma A.5. Let

BxB= || Y,
weW
be the decomposition into G—orbits where Y,, = G - (eB,wB) and let

Zw = (1 x m)7H(Yy).
We write YV~ := %V~ and “B = wBuw .
Lemma 2.4. Z, — Y, is a G-equivariant vector bundle and there is an

isomorphism G xBV'B (V—nwV~) = Z,. In particular, we have dim Z,, =
dimG —dimBN¥YB+dmV- N¥V~.

Proof. The fact that Z,, — Y, = G/B N "B is a vector bundle can eas-
ily be checked with the help of the Bruhat decomposition. The fiber over
(B,wB) € Yy, is V™ NV~ which implies that the canonical map of vec-
tor bundles G x5 B (V= N"»V~) — Z, is an isomorphism. The equality
dim Z,, = dim G—dim BNYB+dim V- N"V~ follows directly from this. [

We pick a total order on W extending the Bruhat order and define

Zew:=| | 2,
y<w

Zew:=| | 2,
y<w

Note that Z.,, = Z<,s where w’ is the maximal element with v’ < w and
IN=L<e = Ze.

Lemma 2.5. Let H C G be diagonalizable subgroup scheme or H = G.
Then K" (Z<,) is a free left K™ (Za)-module with basis {[ij] |y < w}.
In particular, K*(Z) is a free left K (Za)-module with basis {05 ]|we
Proof. For any G-stable locally closed subvariety X C V x V, there is a
canonical K (B)-module structure on K (X) via

€] [F] = [p"E® F]

where p is the composition X < V x V 2 V — B. Note that we can
identify
KM(Za) = K" (B) = Ku(B)
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via the Thom isomorphism. By Lemma A.5, the K (Za)-module struc-
ture on K (X) via convolution agrees with the canonical Ky (B)-module
structure just defined. Thus, it suffices to show that K (Z<,) is a free
Kp(B)-module with basis {[O7y] | y < w}. We prove this by induction

on [(w). Note that for any y € W, the Thom isomorphism together with
Lemma 2.4 implies that K (Z,) is a free Ky (B)-module of rank 1 with
basis [Oz,]. This proves the claim for Z<, = Z.. We have a short exact
sequence of Ky (B)-modules

0 — KH(Z.y) — KH(Z<y) —— KH(Zy) —— 0

where the exactness on the left is proved exactly as in [CG97, (5.4.4)]. We
know by the induction hypothesis that the outer terms are free Ky (B)-
modules with bases {[ij] | v < w} and {[Og,]} respectively. Thus, the

sequence splits and K (Z<,) is also a free Kp(B)-module. Note that
Oz ] € K (Z<,) lifts the element [Oz,] € K¥(Z,). Thus, K¥(Z<,)
has the basis {[(97y] | y < w} as a Ky (B)-module. Since Z = Z<,,, we get
that K (Z) is a free left K (Za)-module with basis {0z llwew}. O

The result above implies that the algebra homomorphism K%(Za) —
KY(Z) is injective. Hence, we can view K% (Za) as a subalgebra of K%(Z).

2.2. Affine Hecke algebras with unequal parameters. Fix a root da-
tum R = (X*, X, ®,®") with a system of positive roots ®T C . Let I be
a finite set and denote the ring of Laurent polynomials with || variables by

A:=Z[¢ |iel.
Definition 2.6. A parameter function is a function
qg:—{q¢liel}cA
which is constant on W -orbits.

Definition 2.7. The affine Hecke algebra H = ’H?IH is the A-algebra with
basis {Tpe | w € W, \ € X*} and multiplication rules

(i) T2, =(qla) = DT, + qla) aell
(1) TwTw = Ty lww') = H(w)+1(w'),
(iii) elet = e Ap€ X,

A_esa(N)

(iv) e)\TSQ - Tscyesa()\) = (q(a) - 1)6 T_c o

where Ty, := T,ye® and e := T.e.

a€ell, A e X*,

Remark 2.8. Our definition of the affine Hecke algebra is similar to the
one given in [CGI7|. In the literature, the affine Hecke algebra is also often
defined replacing the character lattice with the cocharacter lattice in our def-
wnation. This is natural from a p-adic groups perspective but would introduce
a lot of Langlands dual notation in our geometry. Since we never consider
p-adic groups in this paper, we stick to the convention in [CGIT].
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Remark 2.9. If R is simple, then q(a) = q(B) whenever o and B have
the same length. In particular, there is only one parameter in simply laced
types and at most two in non-simply laced types. This covers all the simple
affine Hecke algebras with unequal parameters in the literature except for a
third parameter which can occur for the affine Hecke algebra of SO(2n + 1)
(or Sp(2n) in the dual cocharacter lattice convention). In our definition
this third parameter is equal to the parameter of the short roots (resp. the
parameter of the long roots in the dual convention). In terms of the pa-
rameter functions in [Lus89, 3.1(c)| this corresponds to the case where \* =

)"{aeﬂ|d€2X*} :

Here are some elementary algebraic properties of ’H?lﬁ which easily follow
from the definition (c.f. [Lus89]).

Lemma 2.10. (i) The {T, | w € W} span a subalgebra Hq C HAT

which is the (finite) Hecke algebra with unequal parameters.

(ii) The " span a commutative subalgebra of 7‘-[‘:“‘1H which is isomorphic
to the group algebra A[X*].

(iii) H3T is a free right (and left) A[X*]-module with basis {T,, | w € W}.

(iv) H3T is generated as an algebra by A[X*] together with the T, for
o ¢ IL

(v) Z(HG") = AIX*]V.

Let sgn be the sign representation of Hgq, i.e. the free A-module of rank
1 on which 7§, acts as —1. The antispherical module is the Hgﬁ—module

Masph = Hgﬂ ®’Hq sgn

which is a free A-module with standard basis {e* ® 1| A € X*}.

Lemma 2.11. My, is the unique ’H?IH—mOdule with A-basis {e* @ 1| X €
X*} and multiplication rules

(i) e”-(e)‘®1) — el x1
(ii) —(Ts, + q(@)e”) - e* @1 = (1 - Q(a)e“)% ® 1.

Proof. The uniqueness follows from the fact that the e* together with the
T, generate H&T (Lemma 2.10). The equality e (e*®1) = e @1 follows
from the definition. Using the relation

eSa \) _ 6)\

_Tsae)‘ = —eSa()\)TSa + (q(a) = 1) T
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we get
— (T, +ala)e®) - @1
esa()\) _ e)\

= [ —es=WNT —1

- q(oz)eo‘e)‘> ®1

esa()\) - e)\
= [ e 4 (q(a) - 1) = q(a)eM | @1
sa(N) sa(N)—a sa(A) _ A Ma _ A
(& (& (& e (& (&
- — - 1
( B e () ) ®
A _ o sa(N)—«a

Lemma 2.12. [Mac03, (4.3.10)] Mg is a faithful Hit-module, i.e. the
’H?Iﬁ-module structure on Mspp, induces an injective algebra homomorphism
HA — End4(Maspn)-

2.3. Rooted representations. We now introduce a special class of G-
representations.

Definition 2.13. A G-representation V is called rooted if the non-zero
weights of V' are precisely the roots of G and dimV, = 1 for all a € .
Let I be a finite set. A rooted G-representation V together with a decompo-
sition of G-modules V = @,.; Vi is called in I-rooted G-representation.

Fix an I rooted G-representation V. There is an associated parameter
function
ay:® = {gliel}
with qy () = ¢;, where i, € I is the unique element with (V;), # {0}.
Moreover, we can equip V with the structure of a G' x (G,,)!-module via

(9, (t)ier) - (vi)ier = (t; " gvi)ier-
Consider the B-stable subspace

Then we can consider the varieties V.= G xBV~,Z = V xy V,... as
in Section 2.1. For any simple root a € II, we denote the corresponding
parabolic subgroup by P, = B L Bs$.B.

Lemma 2.14. For each simple root o € II, the subspace V— N V™ is
P, -stable.

Proof. Note that VNSV~ = @“/GCI’*\{—CM} V. Since Ug-V) C @nzo Vatng,
the subspace V™~ N %V~ is Ug stable for all 3 € ®~. It is also T-stable and
thus also B-stable. It is also stable under $, and hence also under P,. [
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We define varieties

Vo =G xP (V- nsv7)
Vo =G xPa (V= nsev)
Aa = f/a XVa ‘N/a.

Note that Va C V is a subbundle and Ao C Z is closed.
Lemma 2.15. We have A, = Zj,,.

Proof. The fiber of (B,s5,B) € B x B under the projection Z — B x B
is precisely V'~ N **V~ which is also the fiber under A, — B x B. By G-
equivariance, this implies Z;, C A, and hence Z,, C A,. Note that the map
Vo — Vi is a locally trivial P!-fibration. By base change, Ao — V,, is also
a locally trivial P!-fibration. In particular, this map is flat and hence open
[Sta25, Tag 01UA] which implies that A, is irreducible by [Sta25, Tag 004Z].
Moreover, we have

dimA, = dimV,, + 1
=dimG —dimB +dimV™ N%*V~ +1
=dimY;, +dim V™ N*V"
= dim Z,
=dim Z,,,.

This implies that A, = Z,, by the irreducibility of A,. O

We can equip K&*(©m)" (V) with the structure of a left KG*(Gm)'(Z)-
module via convolution (with respect to the smooth ambient varieties X7 =
Xy =V, X5 = {pt}). Given [F] € KG*©n)' (7} and [G] € KE*©' (),
their convolution is given by

* I
[FI (6] = () ([F] ®F i p3[G]) € KO (V).
Recall from (1) that we have a canonical identification
(2) AXH(T)] = KON (D),

Proposition 2.16. For any A € X*(T), a € II, convolution of [O7 | €
K@) (7) with e* € K@) (V) is given by
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Proof. There is a commutative diagram

¥ ¥ p2

X Vv
Lz] LajJ\
7t A, PV
le/ pll ﬂal
Vet Sy, ey

where the bottom right square is cartesian. Using these maps, we have

def ~ *
Or] % (91)((10)<[O0.) ®F ;)
emma Al ~ * k
Eemma 25 (p1)((fa)+ [0, @ cypie?)
AD (1), (fo)uiipise
functoriality (

ta)«(p1)+P3(ta)* e
base change

= (La)*(ﬂa)*(ﬁa)*(ba)*eA-

A % Note that V= /(V™ N
sal/7) 22 V_, is one-dimensional of weight qy (o) "te™®. Thus, by Lemma 2.1
(ta)« acts as multiplication with 1 — qy (a)e®. Finally, (tq)* is given by

e — e*. Hence, we have

By Lemma 2.2 (7m,)*(7ma)« acts as e

e — esa()\)—a
1—e @

This implies the claim since Z,, = A, by Lemma 2.15. (|

[On.]* et = (1 —ay(a)e”)

Our next goal is to determine a nice generating set of the algebra K Gx(Gm)! (2).
For this, we need the following transversality result.

Lemma 2.17. Let w € W and o € 11 such that I(sqw) = l(w) + 1. Then
the varieties Zs, x V and V x Zy, intersect transversally in V3. Moreover,
the projection onto the first and third factor induces an isomorphism

(3) P13 (Zo, x V)N (V X Z) = Zg .

Proof. We first prove that (3) is an isomorphism. Note that there is a
commutative diagram

(Zs, x V)N (V X Zy) 22 Zg
(4) lﬂs ff?
(Yo, x B) N (B x Yy) —25 Y, .

It is well-known that horizontal the map in the bottom row an isomorphism.
Moreover, the vertical maps are vector bundles. Thus, to prove that the map
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from (3) is an isomorphism, it suffices to show that the map in the top row
in (4) induces an isomorphism on fibers. By equivariance, it suffices to do
this for the fibers over ($,B,eB,wB) € (Y, x B) N (B x Yy). There the
fibers are given by sV~ NV~ NYV~ and **V~ NYV~ respectively. These
fibers are in fact equal since

2P NPT NPT = (0 \{a}) NPT =d NPT
using that o & “®~ by the assumption that I(sqw) = l(w) + 1.

Next, we show transversality. Note that Z,, x V — Y, x B (resp. V x
Zw — Ys, x B) is a subbundle of the vector bundle V3 — B? restricted
to Y5, x B (resp. to Ys, x B). Clearly (Y;, x B) and (B x Y,,) intersect
transversally in B3. Thus, to prove that Z,, x V and V x Z, intersect
transversally, it suffices to show that their fibers intersect transversally in the
corresponding fiber of V — B3. By equivariance and the isomorphism in the
bottom row of (4) it suffices to prove this for the fiber over (s,B,eB,wB) €
(Y, x B)N (B xYy). There the transversality claim is equivalent to showing
that

Vi=WV"n%V )+ (V NnYV")
which follows again from the observation that —a € &~ N*“®~, O

Corollary 2.18. K&X(6n)'(Z) is generated as an algebra by K&*(©m) (Zx)
together with the (O | for a € 1.

Proof. Let 2 be the subalgebra of K> (Gm)’ (Z) generated by KGx(©m)! (Za)
together with the [OZ ] for a € TI. We prove by induction along the length
of w that [0y ] € A for all w € W. If I(w) € {0,1}, the claim is true by
construction. Now let w € W and « € II such that I(sqw) = l(w) + 1 and
assume we have shown the claim for all y € W with [(y) < (w). Let

Zspuw = (Zs, x V)N (V x Zy)

Z3 = (Zey x V)N (V X Zy).

The projection onto the first and third factor restricts to a map
P13 Lspw = L<sqw-

Using that K&*(Gm)! (Z<sow) C KGx(©m)! (Z) by Lemma 2.5, we get

05, 1%[05,] € KO (2, ).
Let

U = VA\(Zeoy x V)U(V X Zw))
which is an open subset of V3. Note that

UN(Z,, xV)=UnN(Z,, xV)

UN(V X Zy) =UN(V X Zy).
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In particular, we have

UNZgpy =UNZS =22 o

Sa, W Sa, W
Thus, Z; , C Zs,w is open and the flat pullback
:KGX(GWL)I(ZS w) N KGX(Gm)I(Zo )

Sa,W

Lo

S, W

agrees with the restriction with support map

i s K ON(Z,, ) » KOO (22 )

Sa,W
coming from the inclusion py : U < V3. Using this, we can compute the
restriction of [0, %[0 ]€ KGx(©m)! (Z<sqw) 10 Zspy C Z<spw:

* def * *
(07151020 ™ v (013)- 01al 07, 1 5, pial07.])

base change

= (p3)etze  (P12[07, ] ®F, p33(0z,])
= (p13)st0 (P12]O7, 1 ®F5 P33107, )

Lemme A3 () (5Pl 07, ] 9F 1ip5107, )
= (113)+([Opnz,, <) @0 Opnirxz,)))

Lemma A.2 (p13). [0z, ]

Lemma 2.17 [OZSMU]-

This implies that
(02,.1%102,1 €0z, ]+ KO (Zy0).

By Lemma 2.5 we have that KC*<(©m)'(Z_ ) is a free K*(©m)'(Z,)-
module with basis given by the [ij] with y < sqw. Thus, by the induction

hypothesis, we get [O7_ ] € 2. Hence, 2 contains all [O7 | for w € W and
thus A = K& (Gm)! (Z) by Lemma 2.5. This completes the proof. O

We are now ready to prove the main result of this section.

Theorem 2.19. There is an isomorphism of algebras KGx(Gm)! (7)) = ’H?Iff.

Proof. We can identify

Lemma 2.11 (2) -
Mogr, = AXN(D)] = KOO (1),

Thus, we can view My, both as a KGX(G’”)I(Z)—module and an ’Hgf‘f/—
module which yields algebra homomorphisms

o : KGX(Gm)I(Z) - End_A(Masph)
o : Hgf‘f/ — End 4 (Maspn)-
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By Proposition 2.16, Lemma A.5 and Lemma 2.11 we have
a1([0z, 1) = —0a(Ts, + qy(@)e”)
ai((Ap).e?) = as(e?)

where Ay, : V < Z is the diagonal embedding. Thus, by Corollary 2.18 and
Lemma 2.10, a; and as have the same image in End a(Mspn). Moreover,
a9 is injective by Lemma 2.12. Hence, we get a surjective homomorphism
of algebras
a2_1 oaq: KGX(G’”)I(Z) — Hgf‘f/
which restricts to an isomorphism on polynomial subalgebras
ayl oyt KGX©m' (7,0) 3 A[X.

Note that K&*(©m)'(Z) and 7-[?1{3/ are free modules of rank || over this
commutative noetherian subalgebra (by Lemmas 2.5 and 2.10). Surjective
maps between free modules of the same (finite) rank over a commutative
noetherian ring are always isomorphisms (c.f. [Ati69, Exercise 6.1]), so a5 o
«q is an isomorphism. O

We briefly explain how the construction above specializes to the setting
from the introduction. Let G be a simple algebraic group of non simply-laced
type defined over an algebraically closed field k of special characteristic. Let
gs C g be a G-stable subspace whose non-zero weights are the short roots.
Then V' := gs @ g/gs is an I-rooted G-representation for I = {1,2}. The
associated parameter function is given by

q1 « short,
qv(a) =
q2 « long.

Theorem 2.19 then yields an isomorphism

aff _ qggaff ~ GXGCpm xG,
ch#]z - qu =K (Z)

3. SIMPLE MODULES AND PERVERSE SHEAVES

3.1. Centralizers and fixed points. For any variety Y with an action of
a diagonalizable group scheme D, we can consider the fixed point locus

YP ={y e Y (k)| taya = ya for all k-algebras A and t4 € D(A)}.

Note that Y C Y (k) is always a closed subset, so we can consider Y as a
subvariety of Y. When D is reduced, Y? agrees with the naive fixed point
locus {y € Y(k) |ty =y for all t € D(k)}.

Remark 3.1. One can also work with the fized-point scheme (YP)%" whose

underlying reduced scheme is the subvariety YP CY we consider. For our
purposes, the difference between the two will not matter, since we eventually
always apply K(=), H.(=) or Di(=) to our fized-point varieties/schemes
which give the same result on the underlying reduced scheme. Note however,
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that for non-reduced diagonalizable group schemes D it may happen that
YP £ YPred, 5o the non-reduced structure on D is important.

We need the following well-known fact (c.f [CGP15, A.8.10]).

Lemma 3.2. Let Y be a smooth variety with an action of a diagonalizable
group scheme D. Then YP is smooth and T,(YP) = (T,Y)? for any y €
YP.

If D is a closed subgroup scheme of the reductive group G, the fixed point
locus GP is the centralizer of D in G. Moreover, the centralizer G has the
following concrete description.

Lemma 3.3. Let D C G be a diagonalizable subgroup scheme. Then (GP)°

1s reductive. Moreover, if D is contained in the mazximal torus T C G with
Kp = ker(X*(T) - X*(D)), then

(GPY = (T,U, | a € ®N Kp)
GP = ((GP)°,w | v € Ng(T),w(Kp) = Kp,w|x«(1)/xp = id).

Proof. The fact that (GP)° is reductive is contained in [CGP15, A.8.12].
Now let D be contained in a maximal torus 7" C G. Then T is a maximal
torus in (GP)° and by Lemma 3.2 we have Lie(GP) = Lie(G)P. Note that
Lie(G)P is spanned by Lie(T) together with the root spaces on which D
acts trivially. These are precisely the root spaces of those o with o € Kp.
This proves that (GP)° = (T, U, | a € ® N Kp).

Let g € GP. Then gT'g~' C (GP)° is a maximal torus. Since all maximal
tori in a reductive group are conjugate, we can find h € (GP)° such that
hgTg~'h™' = T and thus hg € Ng(T). This shows that GP is generated
by (GP)° together with Ng(T)P. An element w € Ng(T) normalizes D if
and only if the corresponding Weyl group element w € W normalizes Kp.
Moreover, if w normalizes D, then it centralizes D if and only if w acts
trivially on X*(D) = X*(T)/Kp. This proves that GP = ((GP)°,w | w €
N(;(T),w(KD) = KDaw’X*(T)/K'D :id>. (]

Lemma 3.4. [Ric82, Theorem A] Let Y be a G-variety, D C G a smooth
(i.e. reduced) diagonalizable subgroup scheme and H C G a closed connected
normal subgroup. IfY has finitely many H-orbits, then Y has finitely many
HP-orbits. Moreover, if Y is a single H-orbit, then any HP-orbit in Y is
closed.

Remark 3.5. The assumption that D is smooth in Lemma 3.4 cannot be
dropped (see Example 5.7).

Lemma 3.6. Let D C T be a diagonalizable subgroup scheme. Then for
any gB € BP the following are true

(i) There is a mazimal torus of gBg~' containing D,
(ii) (gBg~)P is a Borel subgroup of (GP)°,
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(iii) Each connected component of BP is (GP)°-equivariantly isomorphic
to the flag variety of (GP)°.

Proof. Let gB € B. By the Bruhat decomposition we may assume g = uw €
G with v € [[ c¢-qwe+ Ua. Then gB € BP if and only if v € GP. Hence,
D = uDu~! is contained in the maximal torus S := uTu™! = uT (u) ™ C
gBg~! which proves the first claim.

Using the first claim, it suffices to prove the second claim for ¢gBg~! = B.
Let Kp := ker(X*(T) — X*(D)). We then have

BP =~ (T x H Ua)P =T x H Us,.

acd— acd NKp

It now follows from Lemma 3.3 that B is a Borel subgroup of (GP)°. This
proves the second claim.
The orbit map gives rise to a bijective morphism

(5) (GPY/BP - (GP)°-B/B c BP

One can easily check that this is an isomorphism: By equivariance it suffices
to check this after replacing (GP)° with the open subset BP1iBP C (GP)°
where wyq is the longest element of the Weyl group of (GP)°. Then both
sides naturally identify with [],cq-n kp Ua and the map is the identity. By
Lemma 3.2 we have TpBP = (n*)P. Note that (n™)? is also the positive
part of Lie((GP)°) by Lemma 3.3. Thus, using the isomorphism from (5),
we see that the (GP)°-orbit through B € BP has the same dimension as BP.
The same argument applies to all other orbits, which shows that the orbits
all have full dimension. Thus, they have to be the connected components.
Note that by (5) the orbits are (GP)°-equivariantly isomorphic to the flag
variety of (GP)°. O

3.2. The affine Hecke algebra at a central character. For any alge-
braic group (or diagonalizable group scheme) H, we write R(H) = K (pt)
for the representation ring. Let V' be an I-rooted G-representation. Re-
call from Theorem 2.19 that there is an isomorphism K GX(G’”)I(Z ) = Ha{\f/.

Under this isomorphism, the center of ’Hg‘:f/ corresponds to
R(G x (Cp)') = Z[X* ()" = Z(HY)
where
T:=T x (Gn)".
Setting 7 := Spec(C[X*(T)]) and
T := Spec(C[X*(T)]) = T x (C)!
we can identify

C oz Z(MAT) = Coz AXH(T)W = 0(T)V = O(T/W).
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This yields a bijection
S 1:1 aff
T/W < {Central characters Z(Hg ) — C}
a— Xa-

We denote the 1-dimensional Z (Hgﬁf/)—module corresponding to x, by C,.
The goal of this section is to give a geometric description of

’Hifaf = ’Hgf‘f/ ®Z(Hgf‘f/) Co=(C®z ,Hg{‘f,)/(ker(xa))-

For this, we will need the following consequence of the Pittie-Steinberg
theorem [Ste75].

Lemma 3.7. Assume that G has simply connected derived subgroup. Then
there is an isomorphism of R(T)-modules R(T) ®p(q) K%B) = KT(B)
induced by restriction along T C G.

Proof. The proof in characteristic 0 in [CG97, §6.1] applies word by word in
positive characteristic. U

For any a € T we get a subgroup
X ={ e X*(T)| Ma) =1} C X*(T) = X*(T)
and a corresponding diagonalizable subgroup scheme
T, = Spec(k[X*(T)/X:]) C T.
Lemma 3.8. Assume that G has simply connected derived subgroup. Then

restriction along Ty < G x (Gy)! induces an isomorphism of R(T,)-algebras
R(Ta) @ pax(o,n) KO (2) = KT2(2).

Proof. Recall from Lemma 2.5 that KT“(Z) (resp. K*(Gm)'(Z2)) is a free
KTa(Az)-module (resp. KG*(©m)! (Az)-module) with basis {{O7 ]}. Hence,
it suffices to show that the canonical map

R(T%) ® r(ar (6)1) KO (A7) » KTa(Ay)

is an isomorphism. Since Ay = V — B is a vector bundle, the Thom
isomorphism reduces this to showing that the canonical map

R(L) @n(cx(o,n) KO (B) - K™ (B)
is an isomorphism. For this it suffices to show that the maps

. s R
R(T) ® g (o)1) K& (B) — KT(B)
R(Ty) @ ey KT (B) = K'*(B)

are isomorphisms. The first map is an isomorphism by Lemma 3.7. The

second is an isomorphism since K7 (B) and K'¢(B) are both free modules
over R(T) (resp. R(Ty)) with the Schubert basis {[Om] lweW}. O



20 JONAS ANTOR

We define B
NV) :=im(V = V).
Note that 9%(V) C V is closed since V — V is proper.

Lemma 3.9. Let V=:=V~ @ V. Then we have:
(i) V=G -V=";
(ii) RV)NV0=Vy—,

Proof. Consider the map ji : G xB V=0 =V, (g,v) = gv. Let v € V™ =
&P aco+ Voo be an element with non-zero component in V_,, for each simple
root o and a zero component in each V_, for o € ®* not simple. Let g € G
such that gv € V=0 and write g = b’ with b,b’ € B and w € Ng(T).
Then wbv € V=0, Now Vv € V=0 has a non-zero component in V_, for
each simple « and thus w(—«) € ®~ for all simple . This implies w = e and
thus g € B. Hence, i~!(v) = {eB} is a singleton. By a standard theorem
on fiber dimensions of dominant morphisms (c.f. [Sta25, Tag 0B2L]), we get

0=dimja '(v) >dimG xP V=0 —dimG - V=0,

Since dim G xB V=0 = dim V=0 4 |®*| = dim V/, this implies dim G - V=0 >
dim V. By the irreducibility of V this implies G - V=0 = V.

Clearly, V= C (V)N V= Let v € N(V) N V=" Then we can find
g € G such that gv € V. Let ¢ = bwd € G with b,0/ € B. Then
Vo=1w1blgve ' V"NV But® 'V NV C V- since” V- =
Docot V_w-1(a)- Hence, b'v € V~ and thus also v € V~. This shows that
Vo =0V)NnV=o O

Taking T,-fixed points in g : V — M(V), we obtain a map u® : vie -
M(V)%a. We can then consider

(6) §° = pilys, € DUN(V)™)

where D?(—) denotes the constructible derived category (see Appendix A.2).
Let Perv sz, (‘II(V)T“) be the abelian category of GTa_equivariant perverse
sheaves on ‘II(V)TG. The map p® is proper, so S? is a GTa-equivariant
semisimple complex, i.e. it can be written as a direct sum of shifts of ele-
(N(V)T)). We set

ments in Irr(Perv sz,

II‘I‘(Sa) — {J,—_- e II‘I‘(PGI‘VGfa (W(V)T“)) ‘ Fln] is a direct summand} )

of S¢ for some neZ

By [CG97, Thm 8.6.12] there is a canonical bijection

* a gayy 1l a
(7) Irr(Hong(m(V)Ta)(S ,S%)) < Irr(S9).
Theorem 3.10. Let G be a reductive group and V an I-rooted G—representqtz’on.
Assume that G has simply connected derived subgroup. Then, for anya € T,
there is an isomorphism of C-algebras

My = HA(ZT) = Hombpy o 1, (87, 5.
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In particular, there is a canonical bijection

Irr(?—lif) LN Irr(S%).
Proof. Note that
(8) KTe(7%) = KK(Z%) @7 R(T,)

since T, acts trivially on Z7e (see [Tho86, Lemme 5.6]). Moreover, we claim
that algebra homomorphism

(9) C oz K(Z0) X f, (2T

from Lemma A.11 is an isomorphism. By Theorem A.10 this can be reduced
to showing that the cycle class map c,z, : C ®z A(Z%e) — H,(Z'a) is an
isomorphism. We will show in Lemma 4.21 that each connected component

of V1o is of the form (GTA“)O x B (V‘)Ta. It then follows from [Ant24,
Prop. 2.7] that c,z, is an isomorphism (see also [CG97, §6.2]). Also, note
that the central character y, : R(G x (G,,)!) — C, factors through a map
R(T,) = Z[X*(T)/X!] %% C,. Using this, we get

a def a
Hyo = Hay ©zman) Ca

Theorem 2.19
= KGx(©n)(7) DR(Gx(Gm)! ) Ca

I
= KON Z) @ piaxomyny R(T2) ® .y Ca

Lemrfrgz 3.8 7
>~ K"(Z) ®p,) Ca

= H.(Z")
The isomorphism H*(ZT“) Home(m( VYa )(S“ S%) follows from (A.5) and
the parameterization of simples follows from (7). O

Remark 3.11. The correspondence from Theorem 3.10 can also be lifted to
an equivalence of triangulated categories. More specifically, it follows from
[Ant24, Theorem 4.26, Corollary 5.6] that the full triangulated subcategory

of Di’(‘ﬁ(V)T“) generated by the direct summands of S* is equivalent to the
perfect derived category of dg-modules Dperf(’l-[;f — dgMod) where we view

aﬁ ~
e = Hompy iy
the Hom -grading.

S, 8) as a dg-algebra with vanishing differential and
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4. A DELIGNE-LANGLANDS CORRESPONDENCE FOR UNEQUAL
PARAMETERS

Throughout this section, we fix an I-rooted G-representation V.

4.1. The geometric conditions. Let a = (s, (t;)ic;) € 7. By Theo-
rem 3.10 parameterizing the simple H*f-modules with central character y,
comes down to determining which simple perverse sheaves occur in S* €

ch’(‘ﬁ(V)T“). A favorable situation for this is when there are only finitely
many GTe-orbits in M(V)%a. In this case, there is a bijection

Irr(Perv .z, Q14 ) “)) i {(z,p) |z € ‘J‘((V)T“,p S Irr(A(a,a:))}/GTa
IC(GT - 2,p) > (3,5
where
Ala,z) = Ag(a,z) = GTa /(GT)°.
Let

Byi=pt(2)={¢yBecB|glaecV}

be the ‘exotic Springer fiber’ of x. Then there is a canonical A(a,z)-action
on H,(BI«) and we can consider the set

P(G,V,a) = {(z.p) | £ € N(V)T, p € Irx(A(a, 2)), Hu(BL), # 0}/GT
where for any A(a,x)-representation M, we write
M, = HomA(a,:c) (p, M).
For each (x,p) € P(G,V,a) there is a canonical H*(ZT“)—module structure
on
M(a.x,p) = H.(B]"),

via convolution. Using the isomorphism ”H;{f ~H,.(Z T“) from Theorem 3.10,

we can view M (a,x,p) as an H;f—module. The M(a,x,p) are also called
‘standard modules’.

Lemma 4.1. If there are only finitely many GTa orbits on ‘II(V)T“, then
there is a canonical injection
(10) Irr(?—[;{f) — P(G,V,a)
L= (xr,pL).
The pair (zr, pr) is uniquely determined by the following two properties:
(i) L appears as a composition factor of M(a,xr, pr),
(i) If L appears as a composition factor of Mg g v, then x' € GTa . ;.
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o~

Proof. By base change there is an isomorphism of A(a, r)-modules H*(:}.S)
H,(BL). Moreover, there are isomorphisms of A(a,z)-modules

MG (L 10(GT 2, p)) = HI™ O™ (D DIC(GT - 2, p)
o~ H—dimGTam(L;kC[C(GTa . xypv))v
= (p")"
= p.
Thus, if IC(GT“ - x,p) appears in S?, then p appears in H*(Bfa). It now
follows from Theorem 3.10 that there is an injection Irr(?—l;ff) — P(G,V,a).
The second claim follows from [CG97, Thm. 8.6.23] O

Remark 4.2. It can be shown that L appears as a quotient of the standard
module M(a,xr,pr) using the filtration constructed in the proof of [CG97,
Thm. 8.6.23].

Note that for a. = (e,(1)ies) € T, we have T,, = {e}. Moreover, it
follows from the definition of the affine Hecke algebra that
My, = CWIH#(CIX™(T)] @cpx-(ryw Ce) = CIWIHH*(B).
Thus, Theorem 3.10 yields an isomorphism (see also [DR09, Kwo09])
(11) CIW|#H*(B) = H.(Z).
We also write
A(z) := Aae, ) = G /(Gy)°
and consider the following conditions for the pair (G, V):

(A1) G acts on M(V) with finitely many orbits.

(A2) #1e(W) = #P(G, V, a.).

(A3) Hodd(Bm) =0 for all x € ‘JI(V)
Note that the maximal semisimple quotient of C[W]# H*(B) is C[W]. Hence,
combining (11) and (10) with (Al) and (A2) yield the following ’exotic
Springer correspondence’.

Corollary 4.3. If (A1) and (A2) hold for (G,V), then there is a canonical
bijection
(W) <5 P(G, V, ae).
We will also sometimes consider the condition:
(A2’) A(z) acts trivially on H.(B,) for all z € MY(V) and #Irr(W) =
#MN(V)/G.
Clearly (A2’) implies (A2). Under the stronger condition (A2’) we can

identify P(G,V,a.) with 9U(V)/G, so the exotic Springer correspondence
from Corollary 4.3 becomes

rr(W) <25 N(V)/G.
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The following two lemmas show that conditions (A1)-(A3) and (A2’) are
invariant under isogenies and certain changes of representations.

Lemma 4.4. (i) Let f : G' — G be a central isogeny. Then each of
(A1), (A2), (A3) and (A2’) holds for (G',V') if and only if it holds
for (G, V).

(ii) Let D(G) be the derived subgroup of G. Then each of (A1), (A2),
(A3) and (A2’) holds for (G, V') if and only if it holds for (D(G), V).

Proof. Since the G action on M (V') factors through G, (A1) for (G,V) and
(G',V) are equivalent. For any x € 9(V), the isogeny f restricts to a
surjection f : G, — G, and thus to a surjection A(z) — A(z’). Moreover,
the canonical map on flag varieties B(G) — B(G’) is an isomorphism which
restricts to an isomorphism B(G), = B(G'), for each = € 9M(V). It follows
from this that #P(G,V,a.) = #P(G',V,a.). This shows that (A2), (A3)
and (A2’) for (G,V) and (G',V) are equivalent.

Since all roots vanish on Z(G), we see that Z(G) acts trivially on V'~
and thus also on (V). By the surjectivity of D(G) x Z(G)° — G, this
implies that (Al) for (G,V) and (D(G),V) are equivalent. We also get
that G, = Z(G)°D(G), which implies that Ag(x) = Ap(g)(z). Moreover,
the canonical map B(D(G)) — B(G) is an isomorphism which restricts to an
isomorphism B(G); = B(D(QG)), for each x € M(V'). Hence, #P(G,V,ae) =
#P(D(G),V,a.). It follows from this that (A2), (A3) and (A2’) for (G, V)
and (D(G),V) are equivalent. O

Lemma 4.5. Let f : Vi — Vo be a morphism of rooted G-representations
which restricts to an isomorphism (V1)o — (Va)o for all a € ®. Then f
restricts to a G-equivariant bijection M(V1) — N(Va). Moreover, each of
(A1), (A2), (A3) and (A2’) holds for (G,V1) if and only if it holds for
(G.Va).

Proof. Since f restricts to an isomorphism V- — V,, the G-equivariant
map f: N(V1) — N(V2) is surjective. To prove injectivity assume that we
have x, 2’ € (V1) with f(z) = f(2/). We can then find g € G such that
gz € V. It then follows that f(gz') = gf(2') = gf(z) = f(g9z) € V5 and

thus

gz’ € FH V) (V) € VO Aoy Berma 39 y-

Since f restricts to an isomorphism V;~ — V,, this implies gz = g2’ and
thus = 2. This proves the injectivity of (V1) — N(V5).

If z € M(V4) such that g~1f(z) € V;, then we get by a similar argument
as above

gz e AV n(n) C vl ()

This shows that B, = By, for any z € (V7). In particular, we have
#P(G,V1,a.) = #P(G,Va,a.). It follows from these results that (A1),
(A2), (A3) and (A2’) for (G,V1) and (G, V3) are equivalent. O

Lemrgz 3.9 Vl_ .
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4.2. Positive real central characters. The complex torus T has a polar
decomposition

7- = 7:q1 X 7Aﬁa>0
where Tg1 := S*®7 X, (T) and 7}%0 := Rso®z X, (T). Thus, for any a € T
there is a corresponding polar decomposition a = ag1 - ar.,.
Definition 4.6. We say that a is positive real if agr = 1.

Lemma 4.7. If a is positive real, then the diagonalizable subgroup scheme
T, C T s a torus.

A

Proof. The evaluation at a defines a group homomorphism X*(7) — Rsg
with kernel X. Hence, X*(7)/X} embeds into Rs( which is torsion-free.
Thus, T, = Spec(k[X*(T)/X}]) is a torus. O

Corollary 4.8. If a is positive real, then the group GTe is connected.

Proof. Centralizers of tori in a reductive group are always connected. O

Corollary 4.9. If a is positive real and (A1) holds for (G,V'), then there
are only finitely many G'a-orbits in M(V)7a.
Proof. This follows from Lemma 4.7 and Lemma 3.4. (]

Lemma 4.10. There is an isomorphism of algebras C[W] = H;ﬁgimZ(Z).

Proof. Let S := S% = u,1y where u : V — V is the canonical map. By
Lemma 2.4 we have

dimZ, =dimG —dimBNYB+dmV NYV" =dimG — dimT
for all w € W. Hence, dim Z = dim G — dim T = dim V which implies that
the space H;[ & 7(Z) is stable under convolution (see (A.4)). Moreover, the

isomorphism of algebras from (A.5) restricts to an isomorphism (c.f. [CG97,
Prop. 8.6.1)).

Ta ~ 0
Hy i 2(4) = Home;T (S S)-
Note that dim Z = dim V also implies that V — V is semismall (c.f. [Ach21,
3.8.1]). Hence, S is a semisimple perverse sheaves. Since the forgetful functor
Perv; (V) — Perv(V) is fully faithful (c.f. [Ach2l, Prop. 6.2.15]), we get
an isomorphism of algebras
Ha dim 7(Z) 2 Homly 1) (S, S) = Hom) (S,8) = H)%. ,(2).

Db (V)

Note that Hom%lc, V) (S, S) is the maximal semisimple quotient of the alge-
bra Hom*D,c,(m(V))(S, S). Since C[W|#H*(B) = HomEg(m(V))(S,S) by The-
orem 3.10 this maximal semisimple quotient is isomorphic to C[W]. This
shows that A

CIW] = Hom{y 1) (S, S) = Hy 4 7(2).
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Let us now fix a positive real element a € 7ﬁa>0 and set
t:= Lie(T) = C® X.(T).
Then the exponential map exp : t — T restricts to an isomorphism of abelian
groups
tr =R®z Xi(T) = Roo @ Xu(T') = Troo-
We denote the inverse of this map by log : 7ﬁa>0 — tg. Note that for any
A € X*(T), we have (log(a)) = log(A(a)). In particular, we have

~

Xo ={A e X*(T) | Alog(a)) = 0}

and evaluation at log(a) defines a group homomorphism X*(T,) = X*(T)/X* —
C. This induces an algebra homormophism

CUtagtay * H (pt) = Sym*(€ 0 X*(1,)) — ©
and thus a 1-dimensional H, :’; (pt)-module Clog(a)- By the localization theo-
rem (Theorem A.8), we have an isomorphism of convolution algebras
H*(ZTa) o~ HIG(Z) ®H;‘a(pt) Clog(a)-

Thus, we obtain an algebra homomorphism

emma 41 T T
cpw) P 10 gt gy - w27,

In particular, Hfa (B;) and H*(Bfa) carry a natural C[W x A(a, z)]-module
structure where the W-action comes from the convolution actions of H(Z2)

and H*(ZTG). Note that for a = a., this yields a C[W x A(a,z)]-module
structure on H,(B,).

Lemma 4.11. Assume that (A3) hold for (G,V). Then for any x € ‘II(V)T“
we have Hy(B,) = Hy(Ble) as C[W x A(a, x)]-modules.

Proof. By the localization theorem (Theorem A.8 applied with T = T},)
there is an isomorphism

H*(Bga) = Hga (Bga) ®H%a (pt) Clog(a) = Hga (BZB) ®H%a (pt) Clog(a)

as modules over H*(ZT“) = H?“ (Z2)® H:, (pt) Clog(a)- Moreover, it follows
from (A3) and Lemma A.9 that Hfa (Z) is a free H (pt)-module of finite
rank and the canonical forgetful map

HI"(B,) Dz (o) Co — H.(B:)

is an isomorphism. This is in fact an isomorphism of C[W x A(a,)]-
modules since the W-action on HIe(B,) comes from the forgetful isomor-
phism H2TgimZ(Z) >~ Hy4im z(Z2) = C[W]. Thus, HI+(B,) is a formal defor-
mation of C[W x A(a,z)]-modules over the polynomial ring HZ (pt) which
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specializes to H.(B;) at 0 and to H*(BZ“) at log(a). It is well-known that
representations of finite groups cannot be deformed in a non-trivial way.

Hence, H,(B,) = H.(B*) as C[W x A(a,z)]-modules. O

Lemma 4.12. Let O C N(V) be a G-orbit. Then for any two distinct GTa.
orbits 01,0y C 0T, we have Oy ¢ Oy where Oy is the closure of Oy in
N(V).
Proof. By Lemma 3.4 the orbits O and Oz are both closed in o, Thus,
O, N OTe = O; which implies Oy N O = 0. O
Theorem 4.13. Let V' be an I-rooted G-representation and let a € T.
Assume that

e (G has simply connected derived subgroup,

® a is positive real,

e (A1), (A2) and (A3) hold for (G,V).
Then there is a bijection

Irr(?—l;f) & P(G,V,a).

If in addition (A2’) holds for (G,V'), then there is a bijection

Tre(120) & (v Te )G

1:1
)

Proof. Recall from Theorem 3.10 that we have an isomorphism H;{E =
H,(Z™). The number of GTa-orbits on M(V)7e is finite by Corollary 4.9.
Thus, it suffices to show that the injective map Irr(?—l;ff) — P(G,V,a)
from (10) is surjective. For a = a., this follows from (A2) and the isomor-
phism C[W|#H*(B) = ’H;fafe. Thus, it follows from Lemma 4.1 that for any
x € N(V) and p € A(x), there is a unique irreducible representation L, , of
W such that L, , appears in H,(B;), but not in H,(B,/) unless 2/ € G - x.

Now let p € Irr(A(a, x)) such that H,(BL=), # 0. By Lemma 4.11 we have
an isomorphism of W x A(a, x)-representations H,(B,) = H,(BL). Since the
A(a, z)-action on H,(B,) factors through A(x), we can find p € Irr(A(z))
such that p appears in the restriction of p to A(a,x) and H.(B;); # 0.
Note that any non-zero morphism of A(a, z)-representations p — H,(Bg) is
injective since p is irreducible. In particular, the restriction of such a map
along p < p is still non-zero. Thus, we get an injection

H.(By); — Hu(By), = H(BL),.
Hence, the simple W-module L, ; appears in H*(Bfa)p. Now assume that
L, ; appears in H*(B;F,“) with 2/ € M(V)T* and 2 € GTe - 2. Since H,(By) =

H*(BZ;“) as W-modules, the defining property of L, ; implies that 2/ € G -
and thus G- = G -2’. By Lemma 4.12 this implies that z and 2’ lie
in the same GTe-orbit. Let M be any of the simple H,(Z%)-modules in
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a composition series of H, (B It @), containing the W -representation L, ;. It
then follows that M does not appear in H.(B¢) for any 2’ € ‘ﬁ(V)Ta with

z € GTa - o unless z and 2’ lie in the same GTa-orbit. By Lemma 4.1 this
implies that M maps to (z, p) under the map Irr(’l—[fg) — P(G,V,a). Since
M was arbitrary, this map surjective.

If in addition (A2’) holds, then A(x) and thus also A(a,z) act triv-
ially on H.(B;) = H*(BZ“). Hence, the projection onto the first com-
ponent P(G,V,a) — ‘J‘((V)TG/GTG is injective. It is also surjective since
H,.(B;) = H*(Bfa) is always non-zero. Hence, we get bijections Irr(H;if) b

P(G,V,a) & N(V)Ta /G, O

Our next goal is to show that the simply connectedness assumption in
the theorem above can be removed. Given a central isogeny G — G’ we
get corresponding isogenies T — T and T — 7. For any a € T, we write
a' € T’ for the image of a under 7 — 7’. Note that if a € Tg., then

/ T
a € 7&>0
Lemma 4.14. Let G — G’ be a central isogeny of connected reductive groups
andV a rooted G'-representation. Then for any a € 7i?>0 the canonical map

GTo — (G’) o is surjective and ‘ﬁ(V) = ‘ﬁ(V)Té’.

Proof. Since T, is a subtorus of T (Lemma 4.7), the group GTe is connected
reductive and generated by T' together with the {U, | a(a) = 1}. Similarly,
since o’ € ﬁé>o the group 7T ", is a subtorus of 7" and (G’ )Te is connected
reductive and generated by T” together with the {U! | a(a’) = 1}. Note that
a(d’) = a(a) and the canonical maps T" — T' and U — U/, are surjective.
Thus, the map GTo — — (G’ ) o is also surjective. The equality a(d) = a(a)

also implies that yTa = VT » and thus N(V)Te = ‘II(V)T;’. O

Corollary 4.15. Let G — G’ be a central isogeny of connected reductive
groups and V a rooted G'-representation. For any x € M(V)Te the canonical
map Ag(a,z) = Ac/(d',z) is surjective. In particular, there is a canonical
bijection P(G,V,a) b PG, V,d).

Proof. The map GT= — (G')" is surjective (Lemma 4.14) so GTs — (G’)z‘l'
is also surjective. This implies that is also Ag(a,x) — Ag(a, z) surjective.
Note that the canonical map B(G) — B(G’') and thus also the canonical
map B(G), — B(G'), is an isomorphism. It follows from this that there
is a bijection P(G,V,a) & P(G',V,d') which inflates along Ag(a,z) —
Agi(d, x). O

The following lemma can be thought of as a special case of the results in
[Ree02, §3].
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Lemma 4.16. Let G — G’ be a central isogeny and a € 7ﬁa>0. Then restric-

tion along the canonical map H;(i{,f — H;{E induces a bijection Irr(?-[;{f) &
Irr(?—l;{if,f)

Proof. The group C := ker(T — T') acts on H2 via ¢ - T,, = T, and
c-e* = Ac)e*. Note that ¢! is fixed under the action of C' if and only
if A € X*(T"). Hence, we can identify H T = (H*)C. If M is an H-
module, we denote by M the H*-module with the action twisted by c
(i.e. h € H™ acts on °M by the action of ¢(h) on M). If M is a simple
HMmodule with central character Xa, then M has central character xq.
Since a € 7ﬁa>0 and C\{e} C T, it follows from the polar decomposition
that W-a # W - ca for all ¢ € C\{e}. Thus, M ¥ °M for all ¢ € C\{e}.
It then follows by the Clifford theory of [RR03, Theorem A.6, Lemma A.9]

that Indzzgxc M is a simple H*! x C-module and e Indzzgxc M is a simple
e(H* x C')e-module where e € C[C] is the idempotent corresponding to the

trivial representation. Moreover, by [RR03, Lemma A.9] we have
H AT = (1) = (1 % C)e

and under this isomorphism the simple e(H*T x C)e-module eIndZ:gNC M
corresponds to the H f-module M obtained via restriction along the inclu-
sion M < HaF Thus, restriction induces a map

(12) Irr(H2T) — Ter(H2T).

Xa/

This map is surjective since any simple H *f-module M is a submodule of
Hft @4 2 M and thus appears in some simple H* -module. If M; and M,

are two simple H*f-modules with central character y, and e Indzzgxc M; =

e Indf*C My, then by standard results about idempotents (c.f. [Gre07, 6.2f])
we have IndZ:gXCMl = Indz:gxcMg which implies ¢M; = M, for some
¢ € C by [RR03, Theorem A.6]. Since M; and M, were both assumed to
have central character y,, this is only possible if ¢ = e and My = M. This
shows that the map from (12) is also injective and thus a bijection. O

Remark 4.17. The lemma above can also be deduced from the reduction
theorems in [Lus89, BM93| which match up the irreducible representations
of H™ with central character x, (resp. of H 2 with central character at
Xa') with those of a corresponding graded Hecke algebra at a certain central
character. For positive real central characters the resulting graded Hecke
algebras for H;if and H;(iff and the respective central characters are the same

which recovers the bijection Irr(?-[;g) & Irr(?—[;(a{,f).

Corollary 4.18. The result from Theorem 4.18 holds without the simply
connectedness assumption, i.e. if V is an I-rooted G-representation such
that (A1), (A2) and (A3) hold for (G,V) and a is positive real, there is a
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bijection
Irr(?—lif) & P(G,V,a).
If in addition (A2’) holds, then there is a bijection

Tre(H286) & (V) Te )G,

Proof. Let G — G be a central isogeny such that G has simply connected
derived subgroup (e.g. take G = D(G)* x Z(G)° where D(G)*¢ is the simply

connected cover of the semisimple group D(G)). Let @ € Tg., C G be the
unique real element lifting a € Tr.,. Then we have bijections

Lemma 4.16 Theorem 4.13 Corollary 4.15
L g R <

Trr(H3T) Irr(H2T) P(G,V,a)
If in addition (A2’) holds, we get bijections

P(G,V,a).
P(é, v, CNL) Theoriﬁg 4.13 ‘It(V)Tﬁ/(é)Tﬁ Lemm(ﬂ> 4.14 ‘R(V)T“/GT“

Combining these bijections yields the bijection Irr(?-[;{f) b ‘J‘((V)T“/GT“.

O

4.3. Reduction to positive real central character. In this section, we
show how the study of a general central character y, can be reduced to a
positive real central character. This can be thought of as a geometric version
of the reduction theorems in [Lus89, BM93]. Let D C T be a diagonalizable
subgroup scheme and Kp = ker(X*(T') — X*(D)).

Lemma 4.19. VP is a rooted (GP)°-representation.

Proof. We have VP =V, & @aeénKD V.. By Lemma 3.3 the set of roots in
(GP)° is @ N Kp. Hence, V7 is a rooted (GP)°-representation. O

Recall that we have morphisms
vegxBv- Ay
VD = (GP)° xB” (VP)~ 1B yP
with nilcones (V) = im(u) and N(VP) = im(uP).
Lemma 4.20. We have W(V)P = N(VP).

Proof. Clearly W(VP) ¢ m(V)P. If 2 € (V)P ¢ VP we can find by
Lemma 3.9 a g € (GP)° such that gz € (VP)=C. Hence,

gz € VP A0 qm(v) Femme 39 yo - Dy

This shows that x € (VD). O
Restricting p to D-fixed points also yields a morphism

7o S YD,
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Lemma 4.21. Each connected component of VP is (GP)°-equivariantly iso-
morphic to VP over VP.

Proof. We identify B = G/B with the variety of all Borel subgroups of G.
By Lemma 3.6 each connected component C' C B is (GP)°-equivariantly
isomorphic to (GP)°/BP. Hence, there is a unique element Bo € C with
(Bc)P = BP. Note that T ¢ B? = (B¢)P € B¢ and thus Be = wBw™!
for some w € W. Comparing the weights of Lie(BP) = Lie(B)P and
Lie(BE) = Lie(wBw™1)P yields

P " NKp= w((I)_) N Kp.
Using the Bruhat decomposition, one can easily check that 72 : VP — BP

is a (GP)°-equivariant vector bundle. Note that the fiber of Bo = wBw ™"

under 7P is

@V )P= @ Va= P Va=@)P=@").
w(@®)NKp d-NKp
Hence, we get an isomorphism
() 7HO) = (@R X7 (VD) = VP,
Since C'is a connected component of BP and (F?)_I(C) is connected, we see
that (7P)~1(C) is a connected component of V?. Thus, all the connected

components of VP are isomorphic to VP. O

Lemma 4.22. Assume that G has simply connected derived subgroup. Then
for any a € T, the reductive group G'e is connected.

Proof. Let G be the complex reductive group with the same root datum as
G. By Lemma 3.3 the group G« is connected if and only if for any w € W

such that

w(X})=Xr and w\X*(T)/X; = idyu iy x
we have w € (sq | @ € N X7). Applying Lemma 3.3 again, this is also
equivalent to G7* being connected where T, = Spec(C[X*(T)/X*]). How-

ever, Q7A7z = G® since T, is the closed subgroup of 7 generated by a. A
well-known result of Steinberg (c.f. [SS70, 3.9]) states that G is connected

if G has simply-connected derived subgroup. Hence, G* is connected. [
For any a = (s, (;)ic;) € T we define

Qo ={NeX"(T) | As) e (t;|iel)}

Sa := Spec(k[X*(T)/Qq]) C T.

Note that X* C Q, ® X*((G,n)") and thus S, C T,. In particular, for any
T-variety Y we have

(13)

(YS“ )Ta — YT“ )
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Lemma 4.23. If G has simply connected derived subgroup, then ((GS“)")T“ =
GTa.
Proof. There is an injection (G5) “/((GS“) )Ta — GS“/(GS“) so the quo-

tient (GSG)T“/((GSG) )Ta is discrete. Since (GSG)TG = G™= is connected by
Lemma 4.22, this implies GT» = (GS“)T“ (GSa)° ) @ O

For any a € T, we can take T,-fixed points to get morphisms
yla &y
(‘7:9;)7} (Hsg)a (VSG)TG — VTa
and associated sheaves as in (6):
8% = i1y, € DYN(V)T)
8" = (s, )21 757, € DUV )T,

Note that S* and S live on the same space:

(14) N(V)Te = ((v)Se)Te Lemma 420 g 50T

Lemma 4.24. Assume that G has simply-connected derived subgroup. Then
(15) 8o = (8

for somen > 1 and

(16) P(G,V,a) = P((G5)°, V5, a).

Proof. By Lemma 4.21 V5 is a disjoint union of several copies of V'Sa over
VSa. Taking T,-fixed I points, we see that Via = (VS“)T“ is a disjoint union
of several copies of (VSG)TG over (VS“)T“ = Ve This implies (15).

Since GTa = (GSa)° )Ta by Lemma 4.23 we have Ag(a,z) = A(gsa)o(a,z)

for any = € ‘II(V)TG. Using (15) and the isomorphisms of A(a,z)-modules
H.(B(G)[") = H*(,S°)
HL(B((G™)°)[") = H*(1,S")
we see that p € Irr(A(a, z)) appears in H*(B(G)Z“) if and only if it appears
in H,(B(G%)Ia). This proves (16). O

Lemma 4.25. Let a = (s, (t;)ic;) € T such that (t; | i € I) is torsion-free
and a(s) € (t; | i € I} for all v € @. Then there is an element a' € Tro, with
Vie = viv, yTe = Vv gnd (GTG) (GT’) = GTw . In particular, we
have §* = S“l. If GTa s connected, we also have P(G,V,a) = P(G,V,d’).
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Proof. Pick free generators cq,...,c, of the torsion-free abelian group (¢; |
i € I) = ZF. We can then pick di,...,d; € C such that exp(d;) = ¢.
Then the exponential map restricts to an isomorphism of abelian groups
(dy,..,d) = (c1,...,cx) = (t; | @ € I). Pick elements r1,...,r;, € R which
are Z-linearly independent. We then get a commutative diagram of isomor-
phisms of abelian groups

(exp(r1), ..., exp(ry)) BTN (t; |iel)

epr esz

(P1y ey 7)) ——2 (dy, .., dy)
where g(r;) = d; and f(exp(r;)) = ¢;. Foreacha € ®let ry € (rq,...,7%) CR
be the unique element with f(exp(r,)) = a(s). Since evs : Z® — (t; | i € I)
is a group homomorphism, the map « + r, induces a group homomorphism
7% — R. Hence, the map

RRzZ® - R, a1,

is R-linear. In particular, this map is given by the evaluation at some element
rs € R®z 29" C R®z X4(T). Applying the exponential map to zs yields
an element s’ € Ry ®z X« (T) = Tr.,. Note that by construction, we have

fla(s) = flalexp(zs))) = flexp(alzs))) = flexp(ra)) = afs).

For each i € I let t; € (exp(ry),...,exp(rr)) C Rso be the unique element
with f(t;) = ¢;. Then the bijection f makes the following statements equiv-
alent:

a(s) =1e a(s) =1,
a(s) =t & als) =t;.

Set a' := (8, (t))ic1) € Troy- Then the first equivalence implies (GTG)O =
(GTa’)O by Lemma 3.3. It also implies that Bl = Blu by the Bruhat
decomposition. The second equivalence implies Vie = V1w, Since V C
B x V, this also shows that Ve = V1w Tt follows from this that S® = S’

Note that 7} is a torus by Lemma 4.7 so (GTa’)O = GTw . 1f GTo is con-

nected, we get GTa = (GT‘I)Ao Lemma 3.3 (GTa’)O = GTv and thus Ala,z) =

A(d',x) for all z € N(V)Te = ‘ﬁ(V)Ta’. Hence, we have P(G,V,a) =
P(G,V,d). O

Theorem 4.26. Let V' be an I-rooted G-representation and let a = (s, (t;)ier) €
T. Assume that

e (G has simply connected derived subgroup,

o (t;|iel) CC* is torsion-free,

o (A1)-(A3) hold for ((G5+)°,V5a),
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Then the number of GTa_orbits on ‘J‘((V)Ta is finite and there is a canonical
bijection
Irr(?—l;f) & P(G,V,a).
If in addition (A2’) holds for ((G°*)°,VSe), then there is a bijection
(126 & PG,V 0) 8 (V)T /6T,
Proof. By Lemma 3.3 the roots in (G%)° are precisely the a € ® with
a(s) € (t; | i € I). Hence, Lemma 4.25 applies to the triple ((G°2)°, V5 q)
which yields an element o’ € Tr., such that
[ ;- Lemma 4.23
GSa T, GSa oNT, L wa GTa
- (65T = ((G5)°)

(14)

N(VSe)Tar = p(vSa)Te (= (v Te.,

Since (A1) holds for ((G52)°,V54) there are only finitely many ((GS“)O)Ta’—
orbits on M(V )T by Corollary 4.9. By (17) this implies that there are
only finitely many GT“A—orbitsA on MN(V)Te,

The group ((G%+)°)Te = G4 is connected by Lemma 4.22. Hence, Lemma 4.25
yields that
(18) P(G5)°, V5 a) = P((G5)°, Vo, d).

 aff

Let ’qusa
function qy s, coming from V. Since we assume that (A1), (A2) and (A3)
hold for ((G®=)°, V%) and o' is positive real, we can apply Corollary 4.18
which yields a bijection
(19) I (H2T) & P((G5)°, Ve, d).
Note that by Theorem 3.10 we also have
(20) Ier(H2T)) 5 Ter(8Y).

Hence, we get

be the affine Hecke algebra associated to (G)° with parameter

# II‘I‘(,H;EF) Theoregv, 3.10

# Irr(S?)
# Irr(S)

# Irr(ga,)
(19),(20)

= HP(GY)°, Ve d)

Lemma 4.24

Lemma 4.25

18 o
PGV a)

Lemmé 4.24 #P(G, V, CL).

This shows that the canonical map Irr(’l—[fg) — P(G,V,a) from (10) is a
bijection.
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Assume now that in addition (A2’) holds ((G+)°,V*s). Then the pro-
jection map

P(G,V,a) = N(V)Te/GTe

is the same as the projection map
P((G5)°, V2, a') = VST /(G5

by Lemma 4.24, (18) and (17). This is a bijection by Corollary 4.18. Hence,
we get

re(126) & P(G,V,a) & (V)T /6T,

5. THE AFFINE HECKE ALGEBRA OF (9

In this section we show that the conditions of Theorem 4.26 hold for Gs.

Lemma 5.1. Let G be a reductive group such that all simple components
of G are of type A. Then (A1)-(A3) and (A2’°) hold for any rooted G-
representation V.

Proof. By Lemma 4.4 we may replace G first with its derived subgroup and
then its simply connected cover. Hence, we may assume G = SL,, X ... X
SLy,. For each i = 1,...,1, let V; C V be the subrepresentation of V' gen-
erated by the weight spaces corresponding to the roots of SL,,. Then the
weights of V; are the roots of SL,,,. The canonical morphism V;®...®V; =V
is an isomorphism on all non-zero weight spaces, so by Lemma 4.5 we may
replace V with V; @...®V]. Note that each SL,, acts trivially on Vj for j # i.
Hence, we may assume G = SL,,. There is an irreducible representation of
SL, whose weights are precisely the roots of SL,. This irreducible repre-
sentation appears as a subquotient of both V' and sl,,. Hence, by Lemma 4.5
we may assume V = sl,. For sl,, the conditions (A1)-(A3) are well known:
The nilpotent orbits are determined by Jordan normal form, so there are
# Irr(S,,) many of them proving (A1). The action of Agr,, (z) on H.(B,) is
trivial since it factors through Ay, () = {e}. This proves (A2’) and (A2).
Finally, it is known that nilpotent orbits in type A admit an affine paving in
all characteristics: For any x € i(sl,,), the element 1+ € SL,, is unipotent
and B, is equal to the Springer fiber of 1 + x which has an affine paving by
[Spa06, 5.9]. This implies (A3). O

For the rest of this section, let G = G5 in characteristic 3. We then have
o ={o,fB,a+ 5,2+ 5,3a + 3,3 + 25}
where the sets of short and long negative roots are given by
¢, ={a,a+p,2a+ [}
o, = {B,3a + B,3a + 25}.
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We pick a Chevalley basis {X,, Hy, Hg | v € ®} of g and denote the cor-
responding root group homomorphism by . : G, — U, C G. The adjoint
representation of G fits into a short exact sequence
0—gs—8s — 0/0s
where gy and g/gs are the simple G-modules of lowest weight 2a 4+ 8 and
3a + 20 respectively (c.f. [His84, Hauptsatz]). Then
Vi=g:®9/0
is an I-rooted G-representation for I = {1,2}. Note that for each v € ®
there is a canonical isomorphism V,, = g, induced by the inclusion gs < g
and the projection g — g/gs. We denote the image of X, € g, under this
isomorphism by v, € V,. The following formulas are a direct consequence
of Chevalley’s formulas for the action of G on the Chevalley basis:
2g(t)va = Vo + tap
Tat8(t)Va = Vo — tv2a48

xa(t)va-i-ﬁ = Va+8 + 102048

21 za(t)vs = v — t U305
T3a+4(t)vs = Vg — 130428
25(t)v3ats = Vsats + tUsar23

and

(22) Ty, (D) Vy, = Uy,

for 41,72 € ®~ whenever x., (t)v,, does not appear in (21).

Lemma 5.2. Let v € ®; and x € gs. Then for any A € k, the elements
r+ AX, € g and v + v, € V have the same stabilizer in G.

Proof. After acting with an element of the Weyl group, we may assume that
v =3a+28. If A =0, the claim is clear since gs C g is a subrepresentation.
Let us now assume that X\ # 0. Note that U~ - vy, = v, by (22). Hence, if
wwut € G with u,v’ € U7, t € T and w € Ng(T) then v'wutv, = vy if
and only if w(y) = v and (¢) = 1. Similarly, it follows from the Chevalley
formulas that vwutX, = X, if and only if w(y) = v and ~(t) = 1. Thus,
we get Gy, = Gx,. Since the G-equivariant map g — g/gs sends x + AX,
to Avy, we also have

Geiax, CGry, =Gy, =Gx, .

Hence, we get
Gepax, = Geprx, NGx, =G NGx, =G NGy, = Gopn, -
U
Lemma 5.3. (A1) holds for (G,V), i.e. the number of G-orbits on N(V)

1s finite. The following table lists orbit representatives together with their
stabilizer dimensions and their components groups:
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TABLE 1. Exotic nilpotent orbits for Ga

Representative £ || 0 | vo | V3 | VatB + V8 | V2048 + V3 | Va + V3
dim G¢ 14| 8 | 8 6 4 2
A(€) 1|11 1 So 1

Proof. A straightforward computation (similar to the one in [Stu71, II 3)])
using the formulas in (21) shows that any element in 91(V') is conjugate to
one of listed representatives. Note that all the representatives are of the form
x + Avg for some = € g5 and A € k. Thus, by Lemma 5.2 their stabilizers
agree with the stabilizer of 2+ X3 € g. The dimensions of these stabilizers
and their component groups have been computed and are is in our table (c.f.
[Xuel7, Table 12]). Alternatively, the stabilizers of the representatives can
also be easily computed directly. For example, if g € G, 5+v, 1s of the form
bwb’ with b,b’ € B and w € Ng(T'), then we must have w(2a + ) = 2a+ 8
and w(fB) € &~ which implies w = e. Hence, we get

(23) Gv2a+g+v5 = Bv2a+g+v5 = {6, 750} ’ UBUa+BU2a+BU3a+B

where tg € T is the unique element with «a(ty) = —1 and S(tp) = 1. In

particular, dim G, , ;+v, = 4 and A(vaaqp + vg) = Sz is generated by #o.
It remains to show that the orbit representatives are pairwise not conju-

gate. This follows immediately by comparing the dimensions of their stabi-

lizers except possibly for v, and vg. But v, and vg are clearly not conjugate

since they lie in g5 and g/gs respectively. O

Lemma 5.4. (A3) and (A2’) (and thus also (A2)) hold for (G,V).
Proof. Tt is clear that By = B. Let ¢ = bwb € G with b0 € B. If
g (va +vg) € V7, then wl(a) € &~ and w™(B) € @~ which implies
w = e. Hence, By, +v; = B/B. It follows from (22) that g~ 'vsaq0s € V™ if
and only if w™!(3a 4 28) € ®~. Similarly, we have g 'vga15 € V™~ if and
only if w™!(2a 4 ) € ®~. Hence, we get

B, =B | | BwB/B

w—1(2a+8)ed—
By, 2 By, 0y = | | BwB/B.

w1 (3a+28)ed—

12

Voats

Note that vo4g+vg and v34498 + V2q+p are in the same G-orbit. Hence, we
have

V3a+281TV20+3

= Busaias N Busa

= | ] BwB/B.
w=(Ba+28),w=1(20+B)ed—
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If g7 (vantp +vg) € V™ then w2+ B) € @~ and w!(B) € @~ which
implies w™! € {e, 54, 505 3} A straightforward computation with the Bruhat
decomposition shows that

Buy, yvs = B/BUUgéaB/B UUsas géaisB/B.

Hence, for all x € (V) the variety B, has an affine paving. This implies
(A3).

To prove (A2’), we want to determine the action of Sy = A(vaq4+vg) on
H,(Buy,,, 5+vs)- Recall from (23) that the non-trivial element in A(vaa4p +
vg) lifts to the unique element ty € T with a(ty) = —1 and B(ty) = 1.
The vector space Hi(Buy,,,;+vs) is three dimensional with basis given by
the fundamental classes

[B/B),[B/B U UpséaB/B,[B/B U UsaygsassB/B).

The element tqy fixes each of these fundamental classes point-wise. This
shows that A(vaaips + vg) acts trivially on H.(By,,,;+vs)- Note that the
Weyl group of Gy has 6 irreducible representations which is equal to the
number of orbits of 9(V'). Hence, we have proved (A2’). O

Theorem 5.5. Consider the representation V. = gs @ g/gs of G = Gy
defined over an algebraically closed field k of characteristic 3. Let H;E[H
be the affine Hecke algebra of type Go with two parameters (where short
roots have parameter q; and long roots have parameter gz). Then for any

a=(s,ty,t2) € T such that (t1,t2) C C* is torsion-free, there is a bijection
Tre(H20) & (v Te )G,

Proof. By Theorem 4.26, it suffices to show that (A1), (A2’) and (A3) hold
for ((G52)°,V52). Note that (G°+)° and G share a maximal torus, so the
root system of (G)° is a closed subroot system of the root system of G. The
proper closed subroot systems of the root system of type Go only contain
components of type A. Thus, we either have G% = G and V = V% or all
simple components of (G%)° are of type A. In the former case (A1), (A2’)
and (A3) hold by Lemma 5.3 and Lemma 5.4 and in the latter case they
hold by Lemma 5.1. O

Note that the correspondence above does not involve local systems. In
particular, it is different from the classical Deligne-Langlands correspon-
dence [KL87, CG97| for equal parameters.

Example 5.6. Let s € T such that a(s) =1 and 3(s) = q for some q € C*
not a root of unity. Then for a = (s,q,q) € T, we have

sn(v)Ta = VT = VB D VOH-B D V20¢+B D VBOH-B'
Using the formulas in (21) one can easily check that this space has 5 orbits
under the GTe-action with representatives

07 V3a+B5 V2a+35 V2a+8 + V3a+85 Va+4 + V3a+8-
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Thus, there are 5 simple H;{f-modules. Note that component group A(a, vo45+
U3a+) @8 isomorphic to Sy but the corresponding non-trivial local system
does not contribute to our parameterization. On the other hand, the fized
points space of the (complex) nilpotent cone

N(ge)* = 9t = 98 © Ja+s D 92048 D G304 8

has 4 orbits under the G¢-action. In the classical Deligne-Langlands corre-
spondence, each orbit, together with the trivial local system, corresponds to
an irreducible representation which accounts for 4 of the 5 irreducible H;{E—
representations here. The component group A(a, Xg+ Xoa+g) is isomorphic
to Ss and the remaining fifth irreducible representation corresponds to the
non-trivial local system associated to the partition (21) (c.f. [Ram03, Table
6.1, central character t.]).

The assumption that (t1,t2) is torsion-free cannot be removed from The-
orem 5.5. In fact, for arbitrary parameters it is no longer true that 9t(V)%a
has only finitely many G7e-orbits.

Example 5.7. Let ¢ € C* be not a root of unity and s € T such that
B(s) = q and a(s) = ¢ for a primitive third root of unity ¢ € C*. Then
setting a = (s,(q,q) € T, we get

N = Ve = V3 @ Vi s ® Viags.

Moreover, we have GTa = T. Since dimT < dim ‘II(V)T“ there are infinitely
many G'a-orbits on N(V)'a. However, since ’H;faf s finite-dimensional,
there are only finitely many simple Hff—modules.

Remark 5.8. It would be interesting to determine precisely for which ty,ts
with (t1,t2) not necessarily torsion-free the parameterization of simple mod-
ules in Theorem 5.5 (and more generally in Theorem 4.26) still holds. The
conjecture in [Xi06, 5.20] suggests that for G a sufficient condition for this
should be that (t1,t2) is not a root of the polynomial

flu,v) = (1+ u)(1 + v)(1 + uv+ uv?).
Unfortunately, this turns out to be too optimistic for our geometric parame-
terization: Taking (t1,t2) = (Cq,q) where g € C* is of infinite order, ( € C*
is a primitive third root of unity, we get f(Cq,q) # 0 but for a = (s,{q,q)
with a(s) = ¢, B(s) = q the space M(V)Te has infinitely many GTa-orbits
by Example 5.7. Note however, that f(Cq,q™") = 0 which suggests that the
condition f(u,v) # 0 for all u,v € (t1,t2) may be sufficient.

APPENDIX A. CONVOLUTION, LOCALIZATION AND THE CHERN
CHARACTER

This appendix summarizes some standard facts about equivariant K-
theory and Borel-Moore homology. For & = C most of these results can
be found in [CG97] but the arguments also work in positive characteristic.
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A.1. Equivariant K-theory. Let G be an algebraic group (i.e. a group
object in the category of varieties) or a diagonalizable group scheme defined
over an algebraically closed field k (not necessarily of characteristic 0) and
let X be a G-variety. All our varieties are assumed to be quasi-projective.
We denote by Cth( ) the category of G-equivariant coherent sheaves, by
Db(Coh%(X)) its bounded derived category and by Dperf(Cth(X )) the
category of perfect complexes. Consider the Grothendieck groups
KY%X) := Ko(D*(Coh%(X)))
KG(X) KO(Dperf(COhG(X)))'

There are the usual pushforward and pullback maps

fo : K9(X) = K9(Y)

f i KO(Y) - K9X)
which are defined for f : X — Y proper (resp. flat) and satisfy base change.
Moreover, there is a pullback map

[T Ka(Y) = Kg(X)
which is defined without any assumptions of f. The tensor product induces
maps

—®—: Kg(X) x Kg(X) = Kg(X)
—®—: K9(X) x Ka(X) - K9(X).
This equips K¢ (X) with a ring structure and K (X
7]

Kg(X)-module. For any proper f: X — Y and [F
we have the projection formula

(A1) LF1® [E] = f([(Fl ® fHE].
If X is smooth, the canonical map
Ox]® —: Kg(X) — K9(X)

is an isomorphism. If V' — X is a G-equivariant vector bundle, the pullback
map

) with the structure of a
€K (X)a[g] EKG(Y)7

™ K9(X) = K%(V)
is an isomorphism called the Thom isomorphism. If H C G is a closed

subgroup and X is an H-variety such that G x X exists as a variety, then
there is an induction isomorphism

(A.2) K9G <" x) = K1 (X)

which is compatible with proper pushforward and flat pullback.

For any G-stable closed subvariety Z C X, we denote by tz : Z — X
the inclusion. Let Coh$(X) C Coh®(X) be the full subcategory consisting
of those coherent sheaves F on X which are (set-theoretically) supported
on Z (i.e. the restriction of F to X\Z vanishes). Similarly, we denote
by D%(Coh%(X)) C D(Coh®(X)) the full subcategory consisting of those
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complexes whose cohomology lies in Coh%(X). The K-group with support
is defined as
KZ(X) := Ko(D%(Coh®(X))).
Pushing forward along the inclusion Z — X yields an isomorphism
K%2) 5 K$(X).
We will from now on implicitly identify K“(Z) and K (X) via this isomor-
phism. If X is smooth, we have the derived tensor product
@k : DY(Coh% (X)) x D’(Coh®(X)) — Db(Coh%(X)).
Passing to K-theory and taking supports into account, this induces a tensor
product
@% : KG(2)) x K9 (Zy) = KC(Z, N Zy)
for any Z1, Zy C X closed. For locally free sheaves on X, the tensor product
with support reduces to the ordinary tensor product in the following sense.

Lemma A.1. Let X be smooth and vz : Z — X a closed subvariety. Then
[F] @% [€] = [F © i4¢€]
for any [F] € K9(Z) and [€] € Kg(X) = KY9(X).

The tensor product with support behaves well with respect to transverse
intersections.

Lemma A.2. Let Zy,Zy C X be smooth closed subvarieties of a smooth
variety X. Assume that Z1 and Zo intersect transversally, i.e. for all p €
Z1 N Za, we have the equality of Zariski tangent spaces T,Z1 + 1,22 =T, X.
Then we have

[Ozl] ®§( [Ozz] = [021022]
where the tensor product with support is taken with respect to [Og,] €
K%(Zy) and [Oz,] € K%(Z).

If f: X — X is a morphism between smooth varieties there is a pullback
functor
Lf*: D*(Coh®(X)) — D®(Coh%(X)).
Passing to K-theory and taking supports into account, this induces a ‘pull-
back with support’ map on K-theory

f*K9(2) — K9(f71(2))
for any Z C X closed. The pullback with support construction is functorial
(ie. f*og* = (go f)*) and if f is flat, it agrees with the ordinary flat
pullback. Moreover, pullback with support essentially commutes with the
tensor product with support in the following sense (c.f. [Nak01, (6.4.1)]).

Lemma A.3. Let f : X — X be a morphism between smooth varieties and
let Z1,Z5 C X be closed. Then for any [F1] € K(Z1) and [Fa] € K¢(Z)
we have

PRk [FR)) = [FR] ©% F11F].
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There is also the following ‘projection formula with support’ (c.f. [CG97],
[NakO1, (6.5.1)]).

Lemma A.4. Let f : X~—> X be a morphism between smooth varieties
and let Z C X and Z C X be closed subvarieties such that the restriction
f:7Z = f(Z) (and hence also f: ZN f~YZ) — f(Z)NZ) is proper. Then

fF1 @k [6] = fu(1F) ©% £719)
for any [F| € K¢(Z) and [G] € K4(Z).

Let X1, X9, X3 be smooth varieties, let Z19 C X7 X X9 and Zs3 C X9 X X3
be closed subvarieties such that pi3 : p1_21(212) ﬂp2_31(223) — X1 x X3 is
proper and define

Z13 0 Zo3 = p13(p1y (Z12) N pa3 (Za3)).
Then there is a convolution operation
(A.3) * 1 K9(Z12) x K9(Za3) — K% (Z13 0 Za3)
defined via
[Flx[G] := (p13)+ (P12 F] ®§<1xX2xX3 P3319])-

One can check using Lemma A.4 that this operation is associative. Moreover,
convolution with the diagonal has the following concrete description (c.f.
[NakO1, Lemma 8.1.1]).

Lemma A.5. Let X, Xs be smooth, Z C X1 x Xy closed and Ax, : X1 —
X1 x X1 the diagonal embedding. Then for any [£] € Ka(X1) = K% (X4)
and [F] € K%(Za3) we have

(Axy )«[€] % [F] = [p1€] @ [F]
where p1 : Z — X1 is the projection onto the first factor.
Let T be a torus over k£ and define the corresponding complex torus
T := Spec(C[X*(T)]) = C* @ X.(T).

Note that there is a canonical isomorphism X*(7) = X*(T). Any a € T
defines an evaluation map

We define
pa = ker(evy)
Xo={AeX (M| A-1€pp={AeX(T) | Xa) =1}

Then X is a subgroup of X*(7') and p, C R(T) is a prime ideal. Moreover,
there is an associated diagonalizable subgroup scheme of T'

Ty := Spec(K[X™(T)/ Xg])-
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If Y is smooth, then Y@ is also smooth (see Lemma 3.2) and we can consider
the element

AY) = S (1NN, ] € Ko (YT)
i>0
where N/, v € CohTe(Y7e) is the conormal sheaf. We then have the
following special case of Thomason’s localization theorem.

Theorem A.6. [Tho92] Let Y be a T-variety.
(i) The inclusion v : Y'a < Y induces an isomorphism of localized
K -groups
et Ko (Yo, — KT(Y),,.

(ii) If Y is smooth, then \(Y') is invertible in K7(YT*), and the com-

position
Cu s KT (YT0), — KTa(yTe),,

is given by multiplication with A\(Y").

(iii) If Z CY is a closed subvariety with Y smooth, then

Vi s KTz, — KTe(Z%),,

is still given by multiplication with A(Y) where 1* is the restriction
with support.

Proof. The first claim is [Tho92, Thm. 2.1]. The second claim is proved
in [Tho92, Lemma 3.3] by observing that ¢*., is the same as tensoring with
the element ¢*1, Oy, which corresponds to A(Y") in the Grothendieck group.
Since t*1, in our third claim is defined by restricting t*1, : D®(CohTs(Y7%)) —
D*(CohTe(YTa)) to Dsza (Coh®e(Y")), the map is still given by multiplication
with A(Y). O

Localization is also compatible with convolution in the following sense:
Let X1, X5, X3 be smooth T-varieties and Z15 C X7 X X9, Zog C X9 X X3
closed T-stable subvarieties such that p13 : Z1o X XoN X1 X Zog — Z19 0 Zog
is proper. Then by Theorem A.6 the composition

35(=) [Ox, JRA(X;) -
Tq - KTE(Z’ij)pa ]—> KTE(Zija)Pa — ’ KTa(Zg]?a)pa
is an isomorphism (where ¢;; : Zg;“ — Z;j is the inclusion).
Lemma A.7. The following diagram commutes

KT(Z13)p, @ K1*(Zy3)p, —— K"'*(Z13 0 Za3),,

l""a ®ra lra

KT(Z{3)py ® KT0(Z38) p, —— K"2((Z12 0 Z23)"™),,.

Proof. This is proved exactly as in [CG97, Thm 5.11.10] using the results
from Theorem A.6. U



44 JONAS ANTOR

A.2. Borel-Moore homology. For any k-variety X let D%(X) be the con-
structible derived category with coefficients in C = Q, where £ is coprime
to the characteristic of k. We denote the constant sheaf by 1x and the
dualizing complex by wy := D1x. Cohomology and Borel-Moore homology
are defined as

HY(X) = HomiDg(X)(IX, 1x),
Hi(X):= Homeé(X)(lx,wX).
Composition of morphisms defines cup- and cap-products
U: HY(X)® H(X) — H(X),
N: Hy(X)® H(X) = Hi—j(X).

This equips H*(X) with the structure of a commutative C-algebra and
H,(X) with the structure of an H*(X)-module. For any f : X — Y,
the canonical map 1x — f,.f*1x = f.1y gives rise to a pull-back map

f*rHY(X) = H(Y)
which is an algebra homomorphism. If f is proper, the map fiwx =
fif'wy — wy induces a pushforward map

and if f is smooth of relative dimension d, the map wx — fif*wx = fiwy|[d]
induces a pullback map

ffeH(Y) = Hiq(X).
If v : Z — X is closed, the cohomology of X with support in Z is defined as
HZZ(X) = HomiDb(X)(lx,LgL!lx).
For ¢; : Z; — X closed (i = 1,2), the sheaf L11L!1 1x ®L21L!21X is supported on

L12 : 41N Zy — X. Thus the canonical map L11L!11X ® ngLélX —1x®1x =
1x gives rise to a map

L1!L!11X ® LQ!L!21X = L125L!12(L1!L%11X ® LQ!L!21X) — L12!Li2lx.
This induces the cup product with support
. . "
Ux 1 Hy, (X) ® Hy,(X) = Hy 7z, (X).
If f: X — X is a morphism and Z C X is closed, we get a cartesian diagram

U2 —— X
[l
7z —+—— X.
The map ui'ly — ' fuf*1x = f*Z!Z!lX gives rise to a restriction with
support map

F* i Hy(X) = Hpoy (X)),
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If v : Z — X is closed with X smooth, then there is a canonical isomorphism
ui'ly = txwz|[—2dim X] which yields an isomorphism
Hi(Z) = HZ™ X~ (X).
In particular, the cup product with support for 71,7, C X yields a cap
product with support
Nx : Hi(Z1) ® Hj(Z2) = Hitj—2aim x(Z1 N Z2).

Similarly, if f: X — X is a morphism and Z C X is closed, the restriction
map on cohomology with support induces a restriction with support map

[ Hi(Z) — Hi+2dimX’—2dimX(f_1(Z))‘

If X1, X5, X3 are smooth and Z1o C X7 x X9 and Zy3 C X9 X X3 are
closed with p13 : (Z12 X X3) N (X7 X Za3) — X3 x X3 proper, we can define
the convolution
* 1 Hi(Z12) ®@ Hj(Z23) = Hiyj—2dim x,(Z12 0 Z23)

a® B+ p13.«(placr @ pa3 ).

It can be shown that this operation is associative (c.f. [CGI7, Jos98]).
Moreover, it is shown in [CG97, Prop. 8.6.35] that for any f; : X; — Y with
X; smooth, f; proper and Z;; := X; xy X there is an isomorphism (which
shifts the grading)

(A.5) H.(Zij) = Hompy v (fix1x;, fixlx;)

such that convolution corresponds to composition of morphisms.

Now let G be an algebraic group over k and X a G-variety. All the pre-
vious constructions in D%(X) can also be applied to the equivariant derived
category Dg’C(X ) (c.f. [BLO6] and [Ach21, Chapter 6]). In particular, we
can consider equivariant cohomology and Borel-Moore homology

HL(X) = HomiDg C(X)(lX’ 1x)
HY(X) := Hom 1
z( ) Ong’C(X)( Xan)

(A.4)

which come with the analogous push, pull and convolution operations (see
also [Lus88]).

There also is a localization theorem for Borel-Moore homology similar to
the one for K-theory. Let T be a torus defined over an algebraically closed
field k£ with corresponding complex Lie algebra

t:=C®z X.(T).
Any o € t defines an evaluation map
evy : Hi(pt) & Sym*(t¥) — C
and thus a 1-dimensional H7.(pt)-module C,. Let
po = ker(ev,)
X;={ e X*(T) | AMo) =0}.
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Then p, is a maximal ideal and X C X*(7T') is a subgroup with X*(7")/ X}
torsion-free. Hence,
T, = Spec(k[X*(T)/X}])

is a subtorus of T'.

Theorem A.8. [Lus95b, EM97| For any morphisms of T-varieties f; :
X; — Y with X; smooth and Z;; := X; xy X; such that each X; admits
a locally closed embedding into a smooth projective T-variety, there are iso-
morphisms

HI(Z) Quzpt) Co = H*T(ZZ") @mzpty Co
that are compatible with convolution.

Proof. This is proved for complex varieties in [EM97, Thm B.2, Lemma 4.9]
(see also [Lus95b, Prop. 4.9]). The same proof goes through in positive
characteristic. O

There also is the following criterion for a space to be equivariantly formal.

Lemma A.9. [Lus88] Let T be a torus and X a T-variety with Hyqq(X) =
0. Then HI(X) is a free H3(pt)-module and the canonical map C ® Hz (pt)

HI(X) = H.(X) is an isomorphism.

Proof. This is proved for complex varieties in [Lus88, Proposition 7.2] under
the assumption that H2%(X) = 0. The same proof goes through in positive
characteristic. Note that we have H;(X) = H!(X)V as vector spaces, so the
vanishing conditions for H,gq(X) and H%%(X) are equivalent. O

For any variety Y, let A(Y') be its Chow group. Recall that the Riemann-
Roch transformation is an isomorphism

v CozK(Y)—CxozAY)
which is compatible with proper push-forward.

Theorem A.10. [BFM75, Ive76, Ols15] Let X be smooth andY C X closed.
Then there is a map chys : CRzK(Y) — H.(Y) with the following properties:
(i) chss is additive;
(ii) chit is functorial (i.e. commutes with pullback with support);
(iii) chss is multiplicative (i.e. chisy ([F1®%[G]) = chif ([F))Nxchis, ([F)));
(iv) Td(X)-chyf = cly oY where Td(X) is the Todd class of the tangent
bundle of X (which is an invertible element of H*(X)).

Proof. Tt is shown in [Ive76, Theorem 1.3] that for complex varieties, there
is a transformation chyt : K(Z) — Hy(X) & H,(Y) with the first three
properties. As pointed out in the abstract of [Ive76] the same argument
applies for positive characteristic and étale/¢-adic cohomology (this is spelled
out in more detail in [Ols15, §3.1]). The last property is shown in [Ols15,
Theorem 1.5]. O
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Lemma A.11. For X;, X; smooth and Z;; C X; x X, the map
chXiij
RR:C®z K(Z;j) Z, H.(Z;)

18 compatible with convolution.

LRTd(X;) Ha(Z)

Proof. This is proved exactly as in [CG97, Thm. 5.11.11] using the proper-
ties from Theorem A.10. O
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