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Along-standing goal of artificial intelligence (Al) is to build systems capable of complex
reasoning in vast domains, a task epitomized by mathematics with its boundless
concepts and demand for rigorous proof. Recent Al systems, often reliant on human
data, typically lack the formal verification necessary to guarantee correctness.

By contrast, formal languages such as Lean' offer an interactive environment that
grounds reasoning, and reinforcement learning (RL) provides a mechanism for

learning in such environments. Here we present AlphaProof, an AlphaZero-inspired?
agent that learns to find formal proofs through RL by training on millions of auto-
formalized problems. For the most difficult problems, it uses test-time RL, amethod
of generating and learning from millions of related problem variants at inference time
to enable deep, problem-specific adaptation. AlphaProof substantially improves
state-of-the-artresults on historical mathematics competition problems. At the 2024
International Mathematical Olympiad competition, our Al system, with AlphaProof
asits core reasoning engine, solved three out of the five non-geometry problems,
including the competition’s most difficult problem. Combined with AlphaGeometry

23, this performance, achieved with multi-day computation, resulted in reaching
ascore equivalent to that of asilver medallist, marking the first time an Al system
achieved any medal-level performance, to our knowledge. Our work demonstrates
thatlearningat scale from grounded experience produces agents with complex
mathematical reasoning strategies, paving the way for areliable Al toolin complex
mathematical problemsolving.

One of the grand challenges in artificial intelligence (Al) is to develop
agents that can reason effectively and discover solutions in complex,
open-ended environments. Mathematics, withitsrole as afoundation
for scientific understanding, serves as a profound and meaningful
domaininwhichto develop these capabilities. As anatural step towards
this goal, we focus on developing the necessary reasoning capabili-
ties within the domain of elite mathematics competitions. Although
not open-ended themselves, these competitions are renowned for
problems that demand a depth of creative and multi-step reasoning,
thereby providing a crucial and standardized environment for meas-
uring progress.

The historical arc of mathematics, from Euclid’s foundational axi-
omatization of geometry to the widespread adoption of symbolic
algebraic notation, has been one of increasing formalization. Modern
computer-verified systems such as the Lean proof assistant’ and col-
laborative libraries such as Mathlib* represent the logical continuation

of this trajectory, enabling the expression of complex mathematicsin
amachine-understandable format. Inthese systems, aformal proof'is
notjust asequence of arguments, but a specific data structure called
a‘proof term’ that encodes the entire logical argument from axioms
to conclusion. Although these terms can be constructed directly, a
user typically builds them interactively by applying actions called
tactics: small programs that manipulate the current proof state—the
set of hypotheses and goals—to advance the proof one logical step at
atime. The soundness of this process is guaranteed by Lean’s kernel,
which verifies that the generated proof termis a valid construction.
These systems offer two transformative capabilities: first, the rigor-
ous, automated verification of every logical step, guaranteeing proof
correctness; and second, the transformation of mathematics into
aninteractive, verifiable domain, allowing mathematical reasoning
to be treated as a process that can be simulated, experimented with
and learned.
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Fig.1|AlphaProof corereasoning components.a, The Leanenvironmentin
which eachstep of the proving process takes place. Anagent observes aninitial
Lean tactic state (left), which describes the theorem to be proved. The ‘sorry’
keywordis aplaceholderinLeanindicatingthat the proofis notyet complete.
Applyingatacticto the environment (for example, ‘let p := minFac (n! + 1))’
resultsinanewstate, potentially introducing new hypotheses or altering goals
(rightbox).b, The proof network takes the current Lean tactic state asinput
and produces two outputs: alist of Npromising tacticstotry and avalue

Reinforcement learning (RL) offers a powerful paradigm for learn-
ing through interaction and experience, where agents optimize their
behaviour through trial and error to achieve specified goals. This
approach has proven to be particularly adept at mastering complex
domains where optimal strategies are unknown. The AlphaZero family
of agents, forinstance, demonstrated the ability to achieve superhuman
performancein challenging board games such as Go, chess and shogi?,
optimize quantum dynamics®, and discover more efficient algorithms
for fundamental computations such as sorting® and matrix multiplica-
tion’”. The power of these systems stems from their ability to interact at
scale with a verifiable environment and use grounded trial-and-error
feedback to continually learn and refine their strategies. RL coupled
with formal systems thus represents a particularly promising approach
for tackling the challenge of automated mathematical reasoning.

Although formal systems provide verifiable grounding, consider-
able progress in Al mathematical reasoning has also occurred using
large language models (LLMs) trained on vast corpora of informal,
natural-language mathematical text. These models have shownimpres-
sive capabilities in solving a wide range of problems and generating
human-like mathematical discourse®'°, benefiting directly from the
scaleandbreadth of existing human knowledge expressed intext. Rigor-
ously verifying the correctness of their reasoning remains, however, an
activeresearch challenge, currently using techniques such as checking
final answers against known solutions or comparing, with systems that
cannot be fully trusted, generated reasoning steps against reference
proofs'2, This lack of guaranteed correctness limits their reliabil-
ity for validating mathematical claims or tackling problems without
pre-existing reference points. In contrast, the inherent verification
capabilities of formal systems provide the necessary foundation for
building Alagents whose reasoning process and outputs can be trusted,
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estimating proof difficulty. c, The tree search uses the proof network’s outputs
toguideits exploration of potential proof paths. Starting from aninitial state
(rootnode), thesearchiteratively expands the tree. At each node, it calls the
proofnetwork (b) to generate promising tactics and a value estimate for the
currentstate. Thesetactics (edges) arethenapplied withinthe Lean environment
(a), whichresults in new proof'states (child nodes). The network’s value is used
tointelligently guide the search, focusing computational effort on the most
promising paths (for example, by exploring the left branch more deeply).

evenwhenexploring beyond the boundaries of existing human proofs
and training data.

AlphaProof combines the rigour of formal systems with the expe-
riential learning of RL to find proofs within the Lean theorem prover
environment and to develop powerful mathematical reasoning. Alp-
haProof markedly improved state-of-the-art results on elite historical
mathematics competition problems and, notably, proved three out of
five problems at the 2024 International Mathematical Olympiad (IMO)
competition. Althoughiits solutions required computational time far
exceeding that of human contestants, this success demonstrates the
ability to tackle mathematical challenges previously considered beyond
the reach of automated systems.

AlphaProof

AlphaProofis an RL agent designed to discover formal mathemati-
cal proofs by interacting with a verifiable environment based on the
Leantheorem prover.Its architecture, training and inference integrate
several key innovations.

TheLeanRL environment

We model the interactive proving process within Lean as a sequential
decision-making problem, a standard formulation for RL tasks, in a
similar way torefs. 13,14. To distinguish our formal RL task from the Lean
proofassistantitself, we term this specific formulation the ‘Lean envi-
ronment’. Each mathematical statement to be proved constitutes adis-
tinct probleminstance. We now formally define this environment using
the standard RL terminology of states, actions, rewards and returns.
At any time step ¢, the state s, is the logical state of the Lean prover,
encompassing established hypotheses and remaining goals, observed



by the agent as the Lean tactic state (Fig. 1a, left). The agent interacts
by proposing an action a,, a Lean tactic, as a text string. The environ-
ment attempts to execute these tactics, transitioning to anew state by
updating hypotheses and goals (Fig. 1a, right). Each episode starts with
anew problem statement and ends when a proof of that statement is
successfully found, or a timeout occurs. The agent is incentivized to
find short proofs by areward signal r,= —1for each tactic applied. The
return G, from a state s, is the sum of these rewards until termination.
Crucially, for proof states that decompose into multiple independent
subgoals that must all be solved, the returnis defined as the minimum
return over these subgoals (that is, corresponding to the longest proof
branch), rather than the more natural sum of returns from each subgoal
(see Methods for full RL formulation and value function definition).

Prover agent

The AlphaProof agent combines a deep neural network with a powerful
searchalgorithminspired by AlphaZero®. Atits core is the proof network,
a3-billion-parameter encoder-decoder transformer model™', that
learnstointerpretthe observed Leantacticstate (Fig.1b) and generate
two outputs: a policy, suggesting promising tactics to apply next, and
avalue function, estimating the expected return G, (as defined in the
previous section). These outputs guide a specialized tree search that
executessequences of tactics and evaluates their consequences (Fig.1c).
Key adaptations for formal theorem proving include an AND-OR tree
structure to handle the decomposition of proofs into multiple inde-
pendent subgoals, similar to ref. 17, that must all be solved. Furthermore,
tomanagethelarge, open-ended space of possible tactics, AlphaProof
samples actions™ and incorporates progressive sampling® to explore
abroader range of proof strategies along critical paths (see Methods
for full details on the network architecture and tree search algorithm).

Training

AlphaProof’s capabilities are primarily developed through amulti-stage
training process. First, the proof network undergoes pretrainingon a
large corpus of approximately 300 billion tokens of code and math-
ematical text using a next-token prediction objective, a standard
technique for language models. The goal of this stage is to imbue the
network with abroad understanding of logical structures, program-
ming syntax and mathematical language—an essential foundation for
the subsequent stage to effectively learn from much smaller formal
datasets. Next, supervised fine-tuning is performed using approxi-
mately 300,000 state-tactic pairs extracted from human-written
proofs in the Mathlib library*. This stage enables the proof network
to understand Lean syntax and internal states, imitate expert Lean
tactics, and provide initial estimates for proof difficulty.

The central learning phase, inspired by AlphaZero, is the main RL
loop inwhich AlphaProoflearns from self-generated experience. Unlike
board games, however, the proving task lacks a single, universal initial
state fromwhich all other states can be derived through self-play. Con-
sequently, learning to reason across diverse mathematical domains
necessitates a vast and varied corpus of problem statements to serve
as distinct starting points for the RL agent. While human-generated
mathematical problems provide a natural source for such a corpus,
the number of problems manually formalized in Lean is many orders
of magnitude smaller than those available in natural language. To
bridge this gap, we developed an auto-formalization process (Fig. 2a,
left, and Extended DataFig. 2). This process uses a Gemini-based LLM,
fine-tuned and iteratively refined using human and synthetic data. Over
the course of the project, this model auto-formalized approximately
1 million natural-language problems into a dataset of around 80 million
formal Lean problems, vastly exceeding the scale of all other available
datasets. Importantly, each auto-formalized statement, regardless of
its fidelity to the original natural-language problem, provides a valid
formal problem that AlphaProof can attempt to prove or disprove,
thus serving as a useful training instance.

a Main RL

Formalization

~1 million system ~80 million  Proof network + search
AlphaZero
b Test-time RL
Train
Variant
1 generator ~400,000 Proof network + search

AlphaZero

Fig.2|AlphaProoflearning and adaptation processes. a, The main RL
loop. Approximately 1 million informal mathematical problems are first
translated into alarge-scale (approximately 80 million) formal problem
dataset by aformalization system. This dataset serves as the curriculum for
an AlphaZero-like RL process. Here the proof network, in conjunction with
thetreesearch, interacts with the Lean environment to generate formal
proofsand disproofs. The experience gained from these attemptsis used to
iteratively trainand improve the proof network, enhancing its ability to solve
abroadrange of mathematical problems.b, The TTRL loop. For aspecific,
challenging formal problem, the variant generator generates a diverse set of
relevant formal variants. A focused AlphaZero-like RL process, again utilizing
the proofnetwork and tree search, then trains on this bespoke curriculum

of variants. This targeted learning adapts the proof network to the specific
structures and difficulties of the original hard problem, often enabling it to
find aformal proof that was previously intractable. This process canbe run
onmultiple target problems at the same time. Figure adapted fromref. 28,
Google DeepMind.

A matchmaker system assigns auto-formalized problems and adap-
tive compute budgetsto distributed actors, randomly tasking themto
either prove or disprove each statement. Actors then generate attempts
inthe Leanenvironmentusingatree searchalgorithmthat operates over
prooftrees and is guided by the current proof network. Lean-verified
outcomes—whether a proof, adisproof oratimeout—provide grounded
feedback. The proof network is continually improved (Fig. 2a, right)
using experience from both successful proof and disproof attempts,
refiningits policy to predict effective tactics and adjustingits value to
estimate the expected return. This continuous improvement based
on self-generated experience allows AlphaProof to move far beyond
imitating existing proof's, and discover potentially complex reasoning
strategies necessary to solve challenging problems (see Methods for
fulldetails on eachtraining stage, auto-formalization, the matchmaker
and asummary of the required computational budget).

Inference

When presented with a new problem, AlphaProof leverages two com-
plementary computational scaling mechanisms, bothinitialized from
its main RL-trained agent. First, increasing the tree search budget
allows for a more exhaustive exploration of proof paths, a technique
proven to be effective in the AlphaZero lineage®. Second, for prob-
lems where extensive search may be insufficient, AlphaProof uses a
novel test-time RL (TTRL) approach (Fig. 2b). TTRL uses the same core
AlphaZero-inspired RL algorithm as the main training phase (Fig. 2a),
but instead of learning from a broad curriculum of auto-formalized
problems, TTRL focuses learning on abespoke curriculum of synthetic
problem variants (for example, simplifications or generalizations) gen-
erated specifically around the target problem (Fig. 2b). TTRL thus allows
the agent to dedicate substantial resources to learn problem-specific
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Fig.3|AlphaProof’s learning progression during mainRL. a, Evolution of
performance on the training dataset (auto-formalized problems). The lines
show the proportion of starting probleminstances thatare proved (green),
disproved (red) or remain undecided (blue) during main RL, as a function of
compute (on Google Cloud ‘TPU v6e’s). b, Solve rate (at 4,000 simulations
(sims)) on held-out benchmarks (miniF2F-valid, formal-imo and PutnamBench-
test) throughout training. c, Number of tree search simulations (logscale)
required toachieve agivensolve rate on the historical IMO benchmark at

strategies, often unlocking solutions intractable through scaling up
the tree search alone (see Methods for full details).

Benchmarks

We evaluated AlphaProof on a comprehensive suite of formal math-
ematics benchmarks, all manually formalized in Lean, spanning
advanced high-schooltoelite Olympiad and university-level problems.
Our evaluation suite comprises: (1) a corrected version of the publicly
available miniF2F benchmark® (high-school mathematics competi-
tions); (2) formal-imo, a benchmark of all non-geometry (because of
specific Mathlib library limitations for Olympiad-style geometry; see
‘IMO-style geometry’ in Methods) historical IMO problems internally
formalized by experts; and (3) the public Putnam benchmark® (under-
graduate Putnam Mathematical Competition problems). For the Put-
nam benchmark, problems fromeven-numbered years, 1990 onwards,
werereserved asadedicated held-out test set (PutnamBench-test). Rig-
orous data separation was maintained throughout all training phases
to ensure evaluation of generalized reasoning capabilities rather than
memorization (see Methods for details on data curation and separa-
tion). Together, these benchmarks form a standardized, diverse and
demanding testbed for assessing AlphaProof’s capacity for advanced
mathematical reasoning and problem solving.

Main RL progress

We analyse the performance of AlphaProof over the course of its main
RL phase, which spanned approximately 80,000 tensor processing
unit (TPU) days of training (equivalent to, for instance, 4,000 TPUs uti-
lized for 20 days). In this stage, AlphaProoflearns from self-generated
experience by attempting to prove or disprove millions of problems
drawn from its auto-formalized dataset. Throughout this training,
the proportion of problems successfully proved or disproved steadily
increases, leaving only a fraction of its dataset undecided, demon-
strating mastery over its training curriculum (Fig. 3a). This learned
capability generalized robustly to unseen problems; AlphaProof’s
solve rate on held-out benchmarks (miniF2F-valid, formal-imo and
PutnamBench-test) consistently improved, starting from the perfor-
mance of theinitial supervised fine-tuned model (the O-TPU-day point
in Fig. 3b) to a final performance that was far beyond other provers.
Furthermore, the main RL phase significantly enhanced proof-finding
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different stages of main RL training. Each curverepresents acheckpoint of the
AlphaProofagentatadifferent stage of its main RL training. The plot shows
thatlater-stage agents are not only stronger but also more efficient, requiring
substantially less search to achieve the same solve rate as earlier agents. For
instance, the final agent solves approximately 30% of problems with only 300
simulations, alevel of performance thatearlier agents could not reach even
with vastly more search.

efficiency. As training progressed, AlphaProof required substantially
fewer tree search simulations to achieve a given solve rate (Fig. 3¢c),
indicating that the neural network became amuch stronger guide, inter-
nalizing effective proof strategies. This demonstrates how the large
computational cost of RL training is transformed into inference-time
efficiency, producing a more powerful and more efficient agent.

Inference-time scaling

Once main RL training is complete, AlphaProof’s performance on
unseen problems can be further enhanced by allocating additional
computational resources at inference. We explore two complementary
scaling mechanisms operating on different timescales (Fig. 4). First,
increasing the tree search budget yielded significantimprovementsin
solveratesacross allbenchmarks (Fig. 4a). The agent’slearned search
policy enabled astrong performance baseline even with low inference
budgets (for example, 2 minutes per problemon1 TPU). Extending this
searchbudget progressively to several TPU hours allowed for consist-
entlyincreased solve rates. For instance, scaling the search from 2 TPU
minutes to 12 TPU hours boosted solve rates by over 10 absolute per-
centage points on the formal-imo and PutnamBench-test benchmarks.
We observe similar scaling properties on PutnamBench-train (Extended
DataTable2).For problemsremaining unsolved even with extensive tree
search, AlphaProofuses TTRL to enable deeper, problem-specificadap-
tation (Fig. 4b; see Methods for the TTRL procedure). This approach
yielded rapid initial gains, solving many new problems within the first
50 TPU days, and continued to find new solutions as training progressed
over longer durations. This sustained learning substantially elevated
performance beyond tree search scaling alone, increasing solve rates
byanadditional 15 absolute percentage points onboth formal-imo and
PutnamBench-test compared with a12 TPU hours search (Fig. 4b and
Table1). The efficacy of TTRL itself is also influenced by factors such
as variant quality and quantity (Extended Data Fig. 3). The distinct
x-axis scales in Fig. 4 (TPU hours for search versus hundreds of TPU
days for TTRL) highlight the different computational investments and
capabilities of these two complementary scaling strategies, with TTRL
providing a powerful mechanism for tackling the most challenging
problems. A detailed breakdown of both tree search and TTRL scaling
by mathematical subject for the formal-imo and PutnamBench-test
benchmarks, illustrating the dynamic improvement with increasing
compute, is provided in Extended Data Fig. 4.
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by the total number of problems in the benchmark. a, Solve rates as afunction
ofincreasingtree search compute per problem, measuredinvé6e TPU hours
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Final benchmark evaluation

The comprehensive training and inference scaling strategies culminate
in AlphaProof establishing a state-of-the-art performance across all
evaluated formal mathematics benchmarks (Table1).

AlphaProof shows strong performance even at modest compute
budgets, achieving state-of-the-art results on several benchmarks
evenwithjust2 TPU minutes of search budget per problem (Fig.4a and
Table1). This efficiency is particularly notable on PutnamBench-test,
where it substantially outperforms previous systems, underscoring
its strong foundational reasoning capabilities and its effectiveness in
resource-constrained scenarios. For peak performance on the most
complex problems, TTRL is crucial, extending the state of the art by a
significant margin (Fig.4b). This approach yields comprehensive gains
across allbenchmarks (Table 1), with a perfect score on miniF2F-valid
(Extended Data Table 2) and near-perfect scores on the test split. On
formal-imo, TTRL reached particularly strong performance in number
theory (75.7%) and algebra (72.6%), and also made progress in com-
binatorics (20.3%). Similar comprehensive gains were observed on
the PutnamBench-test. Detailed subject performance is presented in
Extended Data Fig. 3 and Supplementary Table 1. A few proofs are also
shown in Supplementary Information.

Performance at the 2024 IMO

The IMO is the world’s most prestigious pre-collegiate mathematical
competition. Held annually since 1959, each participating country sends
ateam of up to six elite students, selected through rigorous national
competitions. Contestants face six exceptionally challenging prob-
lems across algebra, combinatorics, geometry and number theory,
designedtotest deep conceptual understanding and creative problem
solving, pushing them far beyond standard curriculaand often requir-
ing hours of intense thought. Achieving an IMO medal is a significant
honour, often marking the early careers of individuals who later become
leading mathematicians.

To assess AlphaProof’s capabilities on an unseen competition, we
appliedittothe problems fromthe 2024 IMO, operating as the corerea-
soning engine within acomplete problem-solving pipeline. This version
of AlphaProofwas developed until July 2024 using a similar training and
inference methodology to that described above. Given specific Mathlib
library limitations for Olympiad-style geometry (‘IMO-style geometry’

TPU days (per problem)

and more extensive search. b, Scaling with TTRL compute.Solveratesasa
function of increasing TTRL training compute per target problem, measured
invé6e TPU days (linear scale). Solve rates are highlighted after aninitial TTRL
computeinvestment (for example, 50 TPU days or1day on 50 TPUs per problem)
and atthe end of the TTRL phase with performance evaluated using 4,000
simulations. Note the differentx-axis units and scales (logarithmic TPU hours
versus linear TPU days) between panels.

inMethods), the geometry problem (P4) was addressed using the spe-
cialized AlphaGeometry 2 system>. The remaining five non-geometry
problems (algebra, P1and P6; number theory, P2; combinatorics, P3
and P5) were manually formalized in Lean by experts immediately
after the competition’s release (‘IMO 2024 evaluation protocol and
methods’ in Methods). Several problems (P1, P2, P5 and P6) required
identifying the answer (for example,Find all functions...’) before
constructing a proof. For these, hundreds of candidate answers were
generated by querying the public Gemini 1.5 Pro model with Python
tool use enabled and a collection of hand-written examples given as
afew-shot prompt?, successfully guessing the correct answers for all
applicable problems. AlphaProof then demonstrated high efficiency
by rapidly refuting the vast majority of these incorrect candidates,
isolating the correct ones for full proof attempts. Subsequently, using
TTRL, AlphaProof successfully discovered formal proofs for all alge-
bra and number theory problems: P1, P2 and P6 (proofs in Extended
Data Figs. 7-9). Each of these solutions required 2-3 days of TTRL,
demonstrating substantial problem-specific adaptation atinference.
The two combinatorics problems (P3 and P5) remained unsolved by
our systems.

The combined system, with AlphaProof solving P1, P2 and P6, and
AlphaGeometry 2 solving P4, successfully solved four of the six IMO
problems. This yielded a total score of 28 out of 42 points (‘Discus-
sionand conclusion’), placing our Al system’s performance within the
silver-medal range of the official competition, one point below the
gold-medal threshold (Fig. 5). Although the multi-day computational
effort for AlphaProof’s solutions significantly exceeds the time con-
straints faced by human contestants, it is crucial to note that before
this work, even the most advanced Al systems could typically solve
only a small fraction of the easiest historical IMO problems®™""?, Alp-
haProof’s success in solving three problems from a live IMO competi-
tion, including 2024’s most difficult P6, which was solved by only five
human contestants, therefore demonstrates a profound advanceinthe
potential of Al for mathematical reasoning, even when applied to prob-
lems renowned for their difficulty and requirement for novel insights.

Discussion and conclusion

We have introduced AlphaProof, an RL agent capable of proving com-
plex mathematical problems within the formal environment of the
Lean theorem prover. By combining an AlphaZero-inspired learning
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Table 1| Performance of AlphaProof on formal mathematics benchmarks

Name Compute budget (per problem) miniF2F-test® formal-imo PutnamBench-test?'
Previous state of the art (before IMO 2024)

GPT-F expert iteration® - 36.6% - -
Hypertree proof search"” - 41.0% - -
InternLM2-Math-Plus-7B% - 43.4% - -
Previous state of the art (after IMO 2024)

Kimina-Prover Preview® - 80.7% - 1.6%
DeepSeek-Prover-vV2% - 88.9% - 5.3%
This Work

AlphaProof 2 TPU minutes 96.3% 33.2% 27.9%
AlphaProof 12 TPU hours 97.7% 43.7% 39.4%
AlphaProof with TTRL 50 TPU days 97.5% 53.9% 45.5%
AlphaProof with TTRL 500 TPU days 99.6% 58.3% 56.1%

AlphaProof is compared against other methods, using the strongest reported result for each system, corresponding to their largest compute budgets. Cells with ‘~" indicate unavailable
compute budgets or evaluation results. For AlphaProof, the reported ‘compute budget (per problem)’ refers to the average computational cost as defined in Fig. 4a and is an inference-time
budget only that does not include the amortized cost of the main RL training loop. AlphaProof’s miniF2F-test results are reported on a corrected version of the dataset (see Methods for details).
Results for other methods on miniF2F-test are as reported in their respective publications, based on the dataset versions they utilized; direct comparison should therefore be made with caution,
considering potential dataset differences. For PutnamBench-test, scores for previous work were recalculated based on the publicly available proofs reported by each system, for consistent
comparison against our PutnamBench-test split; these may differ from figures reported by those systems for the full PutnamBench.

framework with a curriculum of millions of auto-formalized problems
and a TTRL approach based on variant generation, AlphaProof has
demonstrated a powerful capacity for automated mathematical reason-
ing. Our results show that AlphaProof significantly advances the state
of the art across a diverse suite of formal mathematics benchmarks,
including those derived from historical IMO and Putnam competi-
tions. The capabilities of this system were notably demonstrated at the
2024 IMO. As part of acomplete problem-solving pipeline, AlphaProof
successfully solved the three algebra and number theory problems,
including the most difficult problem P6, and AlphaGeometry 2 solved
the geometry problem. This combined performance resulted in solv-
ing four of the six competition problems, thereby reaching the same
score as a 2024 IMO silver medallist. To our knowledge, this marks a
landmark achievement as the first time an Al system has attained any
medal-level performance at the IMO, providing compelling evidence
of the sophisticated reasoning abilities emerging from learning from
grounded, verifiable experience at scale.

Although AlphaProof’s results represent a significant step, several
limitations and avenues for future development remain. Although
open-source pre-trained foundation models are now available, the
bespoke learning phase required by AlphaProof represents a scale of
domain-specific training that is likely beyond the reach of most aca-
demic research groups. Furthermore, the multi-day inference time
required by TTRL for solving the most difficult problems, although
effective, highlights the need for more efficientinference-time strate-
gies. Future progress will probably involve continued algorithmic and
engineeringrefinements, further advancements in auto-formalization,
and more optimized strategies for TTRL.

Furthermore, AlphaProof’s current successes are primarily within
the domain of advanced high-school and undergraduate competi-
tion mathematics. Although exceptionally challenging, these prob-
lems operate within a known fixed library of mathematical concepts
with a certain degree of thematic consistency. Our TTRL approach
proved to be highly effective in this setting, and understanding its
generalizationis part of the considerable next step of extending these
capabilities to the frontiers of research mathematics. This transition
isparticularly challenging asit requires moving beyond pure problem
solving to theory building—the continuous expansion of this library
with new concepts. Ultimately, imbuing Al with an understanding of
mathematical taste, interestingness or beauty, remains a fascinating
open research question.
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Thesignificant computational requirements of this work raise impor-
tant questions about accessibility and the future of an open research
ecosystem. We believe this work is best viewed as foundational, path-
finding research; demonstrating that a certain capability is achievable
often requires a scale of investment that can later be optimized and
democratized. To that end, and to ensure our work serves as a com-
munity catalyst rather than abarrier, we are taking concrete steps such
asproviding aninteractive tool for exploration. A key direction for our
futureresearchis to substantially improve algorithmic efficiency, with
the explicit goal of lowering the computational barriers to entry and
ensuring that these techniques canbecome acollaborative tool for the
entire mathematical community.

Despite the challenges mentioned above, we anticipate that con-
tinued development, particularly in addressing computational and
scope limitations will pave the way for AlphaProof to become an
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Fig.5|Combined Al system performance at the IMO 2024. Our combined
systemscored 28 points, with AlphaProof solving three problems (P1, P2 and
P6) and AlphaGeometry 23 solving one (P4). This places the performance of
our systemrelative to human competitors? within the silver-medal threshold.
Official medal boundaries (gold, silver, bronze) are shown. Figure reproduced
fromref.28, Google DeepMind.



increasingly valuable collaborator for human researchers in explor-
ing the frontiers of mathematics and, by extension, other scientific
disciplines.
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Methods

Related work

Interactive theorem proving. Our researchis groundedin the field of
interactive theorem proving, where humans formalize theorems and
construct verifiable proofs using proof assistants such as Isabelle”,
HOL Light®°, Rocq™ and Lean'. These tools have enabled significant
achievements, including the formal verification of the four-colour
theorem® and critical software such as the CompCert C compiler®.
However, such successes typically demand extensive work from domain
experts. AlphaProof aims to mitigate this bottleneck by automating
aspects of both theorem formalization and proving, thereby reducing
the requisite labour and expertise.

Machine learning for theorem proving. The intersection of machine
learning and theorem proving has seen significant advancements,
particularly with the advent of LLMs***¢ inter alia, and the availabil-
ity of formalized mathematics benchmarks such as MiniF2F?°, Proof-
Net¥, PutnamBench?, LISA*® or HOList*. Our work builds upon these
developments.

An automated feedback signal from theorem provers for correct
proofs has been pivotal for applying large-scale machine learn-
ing to theorem proving. Early research>?**%* explored genera-
tive language modelling for automated theorem proving, learning
from human-generated proofs and incorporating techniques such
as expert iteration or RL. Concurrently, several studies'***** have
focused on jointly training tactic prediction with premise selection.
In contrast to these step-by-step and search-based methods, Bal-
dur® pioneered whole-proof generation, using an LLM to produce
acomplete proof at once. Notably, ref. 46 introduced an approach
that guided formal proving with informal proofs (‘draft, sketch and
prove’ methodology). This line of research is further extended by
work on subgoal decomposition*’. More sophisticated search strate-
gies have also been explored in neural theorem proving, for example,
HyperTree Proof Search” and variants of Monte Carlo tree search*®*,
Very recently, Kimina® and DeepSeek-Prover® explored generating
the interleave of natural-language explanations and formal proofs
viaLLMs.

Auto-formalization of mathematics. A critical component of bridg-
ing the gap between human-written mathematics and formal theo-
rem provers is auto-formalization. This areafocuses on automatically
translating natural-language mathematical statements into formal
proofs or formalized statements. Significant progress includes early
work®®*!, and, more recently, LLM-based approaches for this chal-
lenging task®***. Subsequent research used synthetically generated
datatofine-tune LLMs and enhance their auto-formalization capabili-
ties**>%, Morerecently, contributions have addressed the evaluation
of auto-formalizations®”*®, Our work extends these research directions
by developing an auto-formalization specialist that generates millions
of formal statements for our prover agent.

Reasoning with LLMs. Beyond dedicated theorem provers, thebroader
field of reasoning with LLMs has seen substantial progress. Techniques
such as chain-of-thought prompting® and RL, often coupled with plan-
ning, have significantly boosted LLM reasoning capabilities, espe-
cially in mathematical and coding tasks®®. More recently, OpenAl 01%
and DeepSeek R1° have demonstrated the effectiveness of scaling RL
for LLM reasoning, observing logarithmic scaling with compute at
both training and test time. This approach has led to gold-equivalent
performance at the International Olympiad in Informatics® and
strong performance in the American Invitational Mathematics
Examination. However, the IMO has so far remained out of reach for
current LLMs, with recent studies highlighting their limited proving
capabilities™ 2,

TTRL. Our methodology extends on trends in test-time compute
scaling®®"®* and adaptation®* %, including early TTRL in games®",
Distinct from these approaches, and concurrent TTRL methods
using majority-vote rewards for unlabelled informal mathematics® or
numerical verification for recursively simplified integration variants’,
AlphaProof’s TTRL methodology (first outlined in ref. 28) uniquely
addresses elite-level formal mathematical problem solving, particu-
larly in the domain of competition mathematics. It achieves this by
generating a diverse curriculum of relevant formal variants for chal-
lenging IMO and Putnam-level problems within Lean, and leveraging
Lean’srigorous verification to guide learning, ultimately enabling the
discovery of complex, validated proofs in this formal setting.

AlphaProof

AlphaProof'is an RL agent designed to discover formal mathematical
proofs byinteracting with a verifiable environment based on the Lean
theorem prover’. The systemintegrates several core technical compo-
nents necessary for tackling this complex domain: an RL environment
defining the theorem-provingtask (the Lean environment), a deep neu-
ral network architecture capable of representing proof states and sug-
gesting proof continuations (proof network), a specialized tree search
algorithm adapted for formal proofs, a translation process for gener-
ating alarge-scale problem dataset for training (auto-formalization),
alarge-scale RL phase to discover general proof strategies (main RL),
and afocused learning procedure for difficult instances (TTRL). The
specifics of each component are described below.

Lean environment

Formal mathematics as the RL environment. Formal mathematics
provides a rigorous framework for expressing mathematical state-
ments and their proofs, enabling automated verification of correct-
ness. We utilize the Lean interactive theorem prover!, which is built
upon a dependent-type theory known as the calculus of inductive
constructions™. In this paradigm, mathematical statements are
represented as types, and a proof corresponds to constructing a
term that is of (inhabits) that type. For instance, the theoremV P Q,
P AQ~> QAPisprovenby constructing a function term, such as fun
PQ<hp, hq) ~ <hq, hp), thatinhabits the corresponding type. Although
itisultimately this ‘term mode’ that Lean’s trusted kernel consumes to
verify the correctness of a proof, Lean also offers a higher-level ‘tactic
mode’, which saves the user from constructing these terms by hand.
Tactics are tools that construct the underlying proof term by manipu-
lating the proof'state, which consists of current hypotheses and goals.
For example, the aforementioned theorem can also be proven usinga
sequence of tactics such as intro P Q h; simp [h]. During tactic-mode
proving, Lean provides contextual information viaa‘tactic state’ display
(Fig. 1a and Extended Data Fig. 1a), showing current goals and their
associated hypotheses. Itis this tactic mode of Lean that we cast as an
RL environment (Extended Data Fig. 1b).

States (s,): a state represents the complete logical context within
the Lean prover at a given step t of a proof attempt, encompassing all
active hypotheses and remaining goals.

Observations: the agent observes the state as a pretty-printed string
representation of the Lean tactic state.

Actions (a,): an action is a Lean tactic, represented as a text string.

Transitions: applying an action a, to state s, involves the Lean envi-
ronment attempting to execute the tactic. If successful and valid (see
‘Tactic validation and execution’), this results in a new state s,,; with
updated hypotheses and/or goals.

Episodes: each episode commences with anew mathematical state-
ment (the initial state) to be proven. An episode terminates when:
(1) acomplete, Lean-verified proof of the initial statementis found; or
(2) apredefined computational budget is exhausted.

Reward signal and objective: to incentivize the discovery of the shor-
test proof, areward of r,=-1accompanies each tactic applied.



Return definition: the return G,from a state s, is the sum of rewards
until termination. For states that decompose into multiple independ-
entsubgoals (AND nodes, see ‘Goal decomposition’in ‘Interfacing with
Lean’), the return (and thus the value function target) is defined as the
minimum return (thatis, corresponding to the longest and hardest
proof branch) among its constituent subgoals. This definition recur-
sively applies to ancestor states of such multi-goal states. Although
summing the returns from each subgoal, thereby minimizing the total
number of tactics inthe proof, isanatural alternative, our choice of the
minimum return provides aninterestingincentive asitencourages the
agent to split goals into subgoals of balanced difficulty. This resultsin
thevalue of astate to correspond to - T, Where T, is the number of
tacticsinthe longest branch of the proof required to resolve all subgoals.
Interfacingwith Lean. To enable RL, AlphaProofinteracts withacustom
environmentbuilt upon the Lean 4 interactive theorem prover'. It enables
executingtactics, handles proof'states,implementsrequired additional
operations and incorporates optimizations for large-scale tree search.

Core Lean and Mathlib integration. The environment utilizes Lean
4 asits foundational proof assistant. The extensive Mathlib library* is
loaded, providing awide array of mathematical definitions, established
theorems and high-level tactics (for example, the linear arithmetic
solver linarith) that the agent can leverage. To support the formaliza-
tion of specific problem domains encountered (for example, IMO-style
problems) and to provide general utility tactics not yet present in the
main library at the time of development, afocused set of custom addi-
tions was developed. This included a small set of custom definitions,
approximately 100 elementary theorems and specialized, reusable
tactics forcommon symbolic manipulations (for example, for numeral
and list simplification such as (3/4).num to 3). These additions were
designed to be general purpose, addressing common patterns or
missing low-level infrastructure, and critically, many have since been
accepted andintegrated into the public Mathlib library, underscoring
their broad utility and alignment with the library’s development goals.

Environment operations. To support the demands of AlphaProof,
our environment enables the following.

Parallel execution and state management. The environment is
designed to manage and operate on multiple Lean proof states con-
currently across multiple threads. This allows for parallel simulations
within the tree search and efficient batching of queries to the proof
network. Mechanisms areimplemented to save, restore and uniquely
identify Lean tactic states, enabling the tree search to resume search
from any previously visited state.

Tactic validation and execution. When the proof network proposes a
tactic (asatextstring), the environment attempts to execute it within
the current Lean proof state. For a tactic application to be considered
successful, it must not only execute without error but also the resulting
proofterm must notemploy the ‘sorry’ placeholder used forincomplete
proofs, and moreover must be type-correct. To evaluate the latter, goals
not directly addressed by the tactic are temporarily ‘closed’ using a
private ‘internalSorry’ axiom, inaway that also capturesintermediate
claims generated by tactics such as ‘have’. The ‘private’ keyword limits
the axiom’s visibility to discourage its use outside this specific tactic.
Ultimate soundness is guaranteed by the resulting closed term being
verified by the Lean kernel (see ‘Interfacing with Lean’).

Goal decomposition (AND-node state splitting). If a tactic applica-
tionsuccessfully decomposes the current goalinto N>1independent
subgoals (for example, proving P A Q splits into proving Pand proving
Q), the environment splits the current Lean tactic state into N distinct
child states. In each of these child states, all but one goal are assigned
with ‘internalSorry’ to leave asingle open goal. This allows each subgoal
to be treated as an independent problem by the tree search, forming
the basis for AND-node handling in the search algorithm (see ‘Tree
search algorithm’).

Disproving mechanism. To enable the agent to disprove statements
(thatis, prove their negation), the environment provides an operation

to transform a goal into its negation. This is achieved by applying a

custom tactic that utilizes a private axiom internal_true_if false :

(a~ False) > a. Thistacticreverts all local hypotheses, applies the axiom

and performs clean-up of negated quantifiers, thereby establishing a

new context for disproving the original statement, containing exactly

the negation of the fully quantified goal we were previously in,and do
soin away that still lets our final proof be type-checked by the kernel

(see ‘Interfacing with Lean’).

Performance and stability considerations. Several modifications
were implemented to ensure that the Lean environment could oper-
ate efficiently and robustly under the high throughput demands of RL
training. In particular:

- KeyMathlibtactics frequently used by the agent (for example, linarith)
were compiled to C code. This resultsin some tactics executing (that
is, generating proof terms) six-times faster.

« Awall-clock time limit was imposed on individual tactic executions,
complementing Lean’s internal ‘heartbeat’ limit for computational
steps.

« Lean’sinternal checkSystem function, which monitors resource con-
sumption, was invoked more frequently within critical code paths to
allow for earlier, safe abortion of overly long or resource-intensive
tactic applications.

« The multi-precision integer library within Lean was modified to
enforceahard cap onthesize of numerals, preventing runaway com-
putations with extremely large numbers.

Proofverification final check. To provide absolute assurance of cor-
rectness (assuming the soundness of the Lean kernel and the declared
axioms), every proof or disproof found by AlphaProof undergoes afinal,
independent verification step. This involves executing the standard
Lean command-line tool ona.lean file containing the complete theorem
statement and the agent-generated proof. A custom command also veri-
fiesthat the proofonly relies on the three commonly accepted axioms
built-in to Leanitself (propositional extensionality, global choice and
soundness of quotient types).

Prover agent
Proof network. The proof network is a 3-billion-parameter encoder—
decoder transformer model®, similar to ref. 16. The encoder takes the
pretty-printed Leantactic state asinput and outputs alatent represen-
tation of the current proof state. This latent representation serves as
input to two distinct heads: the decoder, which acts as the policy and
generates K tactics in parallel at inference, and a value head situated
atop the encoder. Consistent with previous work”, the value head
parameterizes the value as a categorical distribution, estimating the
expected return. Key architectural hyperparameters are summarized
inSupplementary Table 2.
Treesearch algorithm. The proof network guides atree search algorithm
toexplore the space of possible proof constructions. The tree searchis
adapted from AlphaZero?and Sampled MuZero', incorporating several
key modifications for formaltheorem proving. The search tree consists
of nodes representing Leantactic states and edges representing tactics
applicable at those states (Extended DataFig.1c). Each searchiteration
involves three phases: selection, expansion and backpropagation. Key
hyperparameters for the search are provided in Supplementary Table 3.

Standardtree search framework.

Selection. Starting fromtheroot state, a pathis traversed toaleafnode
byrecursively selectingan action aat each state sthat maximizes a proba-
bilistic upper confidence tree (PUCT) bound”™, adapted from ref. 2:

J2pN(s, b)
N(s,a)+1 ~

Here, N(s, a) is the visit count for action a from state s. The prior
m"(als) is derived from the proof network’s policy output, modified
by atemperature 7. The exploration factor c(s) is given by

Q(s, a) +c(s)m"" (als)
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Whereas in previous work’, the values Q(s, a) were normalized to
[0, 1] using the maximum and minimum estimated values of all children
instates, in AlphaProof we set

Q(s,a)=y "},

whereyisadiscountingfactorand V(s, a) isthe aggregated search value,
which has the semantic of the negative number of steps left toresolve
the current goal. For state-action pairs that have not been visited in
thesearchalready, we set V/(s, a) to be equal to the network prediction
for the parent node V(s) minus a fixed penalty.

Expansion. When a simulation reaches a leaf node s, not previously
expanded, K'tactics are sampled from the proof network’s policy rr(-|s,).
Each tacticis validated in the Lean environment; invalid tactics are
discarded; tactics thatlead to the same Lean state (up to renaming and
reordering of syntactically identical hypotheses) are merged together,
keeping the one that minimizes a cost function linearly depending on
string length and execution time. The newly expanded node’s value
V(s,) is estimated by the proof network.

Backpropagation. The value estimate from the expanded leaf node
is backed up along the selected path, updating the N(s, a) and V(s, a)
statistics for all traversed state-action pairs.

Key adaptations for AlphaProof.

Progressive sampling. To dynamically broaden the search in pro-
mising regions, progressive sampling is used. Ifanode sencountered
during asimulation path satisfies n(s) < CN(s)* (where n(s) isthe number
of times tactics have previously been sampled at s and N(s) its total
visit count), an additional K tactics are sampled from rz(-|s) and added
as new edges to s. This allows AlphaProof to explore a wider range of
proof strategies along critical paths.

AND nodes for multi-goal states. To manage proof states with mul-
tipleindependent subgoals (alogical AND condition), the tree search
incorporates AND nodes, conceptually similar to ref.17. An AND node
isintroduced whenatactic application decomposes a goal into several
independent subgoals (Extended DataFig.1). Actions froman AND node
correspond to selecting one of its child subgoal to focus on. During
selectionatan AND node, only unproven subgoals are considered for
exploration. The PUCT formulais modified to prioritize the unproven
subgoal perceived as most difficult (thatis, having the largest V(s, a) or
smallest Q(s, a)). This is achieved by replacing Q(s, a) in the standard
PUCT formulawith1- Q(s, a). The modified selection for an AND node
Sanp actingonsubgoal ais

JXp N(Sanpy b
(1-Q(sanp, @) + CANDC(SAND)”(C”SAND)W'

The prior m(a|s,p) is set to be uniform over all subgoals, and c,yp is
an additional multiplier.

During backpropagation through an AND node, the value passed
up is the minimum V(s.\p, @) of its children subgoals, consistent
with the definition of the return (see ‘Formal mathematics as the RL
environment’).

Single search. For each proof attempt on an initial problem state-
ment, AlphaProofexecutes asingle search that terminatesifaproofor
disproofis found, or if the allocated simulation budget is exhausted.
Unlike previous AlphaZero applications, AlphaProof does not commit
to intermediate actions and does not restart the search from subse-
quent states withinasingle proof attempt. This is possible astheorem
proving within aformal systemis analogous to a single-player gamein
aperfectly simulated environment. The agent canretainand expanda
singlesearch tree over the entire proof attempt, allowingit to globally
allocate its computational resources across all potential proof paths
without needing to commit to any intermediate step.

Training
Pretraining and supervisedfine-tuning. Before RL, the AlphaProof proof
network is initialized through a multi-stage training process.

First, the network is pre-trained on large datasets consisting of
approximately 300 billion tokens of publicly available code and math-
ematical texts. This phase utilizes a next-token prediction objective
with dropout and masked span reconstruction for regularization.
The encoder processed approximately 12 trillion tokens whereas
the decoder reconstructed approximately 3 trillion tokens, totalling
roughly 50 epochs over the dataset. This stage imbued the policy head
(decoder) withabroad understanding of programming syntax, logical
structures and mathematical language.

Following pretraining, the model undergoes supervised fine-tuning
(SFT). This stage utilizes a much smaller but more specialized cor-
pus, containing approximately 300,000 state-tactic pairs amount-
ing to approximately 5 million tokens of tactics, extracted from the
human-authored proofs within the Mathliblibrary*. This process refines
the policy head for Lean-specific tactic generation and initializes the
value head to estimate the number of remaining stepsina proof, based
onthe structure of the Mathlib proofs. Hyperparameters for both pre-
training and SFT are detailed in Supplementary Table 4.
Auto-formalization. To provide asufficiently large and diverse curricu-
lum for RL, AlphaProof relies on an auto-formalization process. This
process translates mathematical statements from natural language
into the formal language of Lean (Extended Data Fig. 2), generating a
dataset of approximately 80 million Lean problems from aninitial set
of roughly 1 million natural-language statements.

Modelandtraining data. The auto-formalization systemis built upon
aspecialized Gemini 1.5 Pro language model fine-tuned on a set of
(natural-language problem statement, formalization chain-of-thought,
Leanformal statement) triplets. Initial training data comprised approxi-
mately 2,500 problems, spanning pre-algebra to IMO-level difficulty,
manually formalized in Lean by domainexperts. For asubset of about 50
of these problems, experts also provided detailed chain-of-thought
explanations outlining the formalization steps. This initial seed set was
expanded toroughly 7,000 triplets by prompting the public Gemini 1.5
Promodel with the expert-annotated examples to generate additional
chains-of-thought for the existing translations; low-quality synthetic
chains-of-thoughts, identified by ad hoc formatting rule checks, were
discarded.

Iterative refinement. To further enhance the formalization model’s
accuracy, we used an iterative refinement strategy analogous to
Self-Taught Reasoner (STaR)®. This process focused on a subset of
problems for which ground-truth (‘golden’) Lean formalizations
were available. The current fine-tuned model repeatedly generated
chains-of-thought and Lean formalizations (see Supplementary
Data1for the generation process). These outputs were automatically
assessed for equivalence against the golden formalizations by tasking
alow-compute version of AlphaProof to prove equivalence between
the generated and golden statement. Concretely, the Lean statement
AlphaProof was certifying was type_of% @generated = type_of% @
golden. Traces leading to equivalence were added to the training
data for subsequent fine-tuning iterations, ultimately expanding the
high-quality triplet dataset to approximately 70,000 examples.

Evaluation and benchmarking. The performance of the auto-
formalization model was regularly monitored through A/B studies.
These studies compared a baseline model with a test model on two
internal benchmarks: one comprising 50 representative IMO prob-
lems and another with 50 Putnam problems (Supplementary Table 5),
bothinnaturallanguage. For each problem, both models generated a
single candidate formalization using a standardized procedure (Sup-
plementary Data 1, incorporating majority voting, syntax checking,
cycle consistency and rapid disproof/proof attempts by AlphaProof).
These paired outputs were then evaluated by an internal panel of



approximately three Lean experts for pointwise correctness and
side-by-side preference.

Before the IMO 2024 competition, the final auto-formalization
process achieved a 60% pass@]1 success rate on the 50 representative
IMO problems, with notable strengths in algebra (81.3%) and number
theory (76.9%), and a lower rate for combinatorics (33.3%). On the 50
representative Putnam problems, the pass@1rate was 64%, with strong
performance innumber theory (72.7%), algebra (61.9%) and geometry
(54.6%). See details in Extended Data Table 1.

Dataset generation.Several key methods facilitated the generation of
atraining dataset suitable for formalizing a wide range of mathemati-
cal problems. To address problems requiring an answer (‘Find all n...),
plausible answers were gathered alongside questions and injected
during auto-formalization. We also continuously augmented the data-
set by reapplying the improved formalization pipeline to the source
problems. Finally, this sampling process involved producing multiple
distinct formal translations for each natural-language problem. This
strategy ensured a higher likelihood of including a correct formaliza-
tion, withincorrect ones often being quickly resolved during main RL
orsometimes presenting interesting problems in their ownright. This
resulted in a large and diverse dataset of approximately 80 million
formalized mathematical problems necessary for effective RL training.
MainRL.The mainRL phase further trains the proof network, initialized
from pretrainingand SFT. The RL training architecture comprises three
main components: acentralized matchmaker, distributed actorsand a
centralized learner. The RL training was conducted for approximately
1 million training steps (Supplementary Table 6).

Start positions dataset. The training curriculum for this RL phase
primarily comprised the approximately 80 million problem state-
ments generated by the auto-formalization process. This was supple-
mented by asmallfraction (approximately 3,500 problems) of manually
human-formalized problems sourced from: (1) the miniF2F-curriculum
benchmark?; (2) the set of problems manually formalized for training
the auto-formalization model; and (3) our training split of the Putnam
benchmark (PutnamBench-train, derived from ref. 21 by excluding
PutnamBench-test).

Matchmaker system. The matchmaker orchestrates the training pro-
cess by assigning tasks to available actors. For each task, it selects afor-
mal problem statement from the start position datasets and randomly
assigns the objective as either proving or disproving the statement.
Problemselectionis prioritized based on ‘interestingness’, determined
from the outcomes of the last N attempts recorded for that problem.
Aproblemisdeemed highly interestingif: (1) it has not been attempted
previously; (2) ithasbeen attempted fewer thana trust_count threshold;
or (3) it has been attempted more than trust_count times but shows
amixed success rate (that is, solved in some, but not all, of the last N
attempts). Conversely, aproblem’s priority is reduced if it remains con-
sistently unsolved after trust_count attempts, or if it has been proven
for trust_count_proved consecutive attempts, indicating mastery.
Statements that are successfully disproved are not retried. The simula-
tionbudgetallocated toanactor for each attemptis adaptively deter-
mined:itstarts withabase value and multiplicatively increases with the
number of failures within the last N results for that specific problem
uptoapredefined cap value, thereby dedicating more computational
resources to challenging statements. See Supplementary Table 7 for
hyperparameters.

Actor experience generation. Each actor, upon receiving a problem
statement and simulation budget from the matchmaker, interacts with
the Lean environment. It performs a tree search (see ‘Prover agent’
and ‘Tree search algorithm’) guided by the current iteration of the
proof network. Unlike previous work?, the agent never commits toone
action and instead searches until it either finds a Lean-verified proof
ordisproof, or whenits allocated simulation budget is exhausted. The
verified outcomeis reported back to the matchmaker, which updates
itsinternal statistics for the problem. Proofs and disproofs discovered

in the course of search are extracted and sent to the learner, failed
attempts are filtered out and do not contribute to network updates.

Learner and network updates. The learner continuously updates
the proof network parameters by training on batches of (state, tactic)
pairs drawn with a fixed ratio of 10% from the Mathlib SFT dataset and
90% from a replay buffer filled with proofs and disproofs collected
from the actors. The policy head is trained to predict the tactic using
across-entropy loss. The value head is trained to predict the return
obtained at the current proof (sub)goal. Thisiterative process of experi-
ence generationand network updates progressively enhances the proof
network’s mathematical reasoning capabilities. See Supplementary
Table 6 for hyperparameters.

Computational budget summary. The AlphaProof-specific train-
ing pipeline, which follows a general pretraining phase, involves sev-
eral computationally intensive stages. The SFT stage on the Mathlib
dataset was comparatively inexpensive (approximately 10 TPU days).
In contrast, the subsequent stages represented a substantial invest-
ment. The auto-formalization process, which generated the approxi-
mately 80 million problem curriculum over the course of the project,
required approximately 100,000 TPU days in total (equivalent to, for
instance, 10 runs of2,000 TPUs utilized for 5 days). The main RL train-
ing loop, which learned from this curriculum, was of a similar scale,
spanning approximately 80,000 TPU days (equivalent to, for instance,
4,000 TPUs utilized for 20 days).

Inference

Following mainRL training, AlphaProof possesses general proof-finding
capabilities for a wide range of mathematical problems. At inference
time, when presented with new, unseen theorems to prove, several
strategies can be used to enhance its capabilities by allocating addi-
tional computational resources.

Scaling with tree search. The primary method for applying more com-
putation at inference, common in the AlphaZero family of agents>”?,
is scaling the tree search and running multiple independent search
attempts. Increasing the number of simulations performed allows
the agenttorefine theinitial tactic suggestions provided by the proof
network, integrate information over more lines of deeper reasoning
and explore other potential proof sequences. This enhanced search
leads to stronger tactic selection and a higher probability of finding a
proof. Attempting multipleindependent search attempts alsoincreases
the probability of finding a proofand offers latency benefits via paral-
lelization. Theresults presented (Fig.4aand Table 1) demonstrate the
efficacy of scaling tree search compute, typically measured in compute
or wall-clock time, on held-out benchmark performance.

Scaling with TTRL. For problems that remain intractable even with
extensive tree search, AlphaProof uses TTRL for deeper, problem-
specificadaptation (Fig.2b). This processinvolves two main stages: the
generation of a problem-specific curriculum of variants and a focused
RL phase on this curriculum.

Variantgenerationfor TTRL curriculum. The TTRL phase commences
withthe generation of a problem-specific curriculum of synthetic vari-
antsforeach target Lean instance T. This process utilizes the Gemini?
LLM, prompted with few-shot examples from a curated dataset of 791
(problem, variant) Lean pairs. These exemplar pairsillustrate how the
LLM can generate variants by emulating problem-solving heuristics
that build on classical strategies” and their formal counterparts in
proof engineering, such as simplification’, generalization”, lemma
proposal’®, exploring analogies’ and learning from existing proofs®.
Onthebasis of asampled prompting strategy, the LLM generates either
individual candidate variants or sets of correlated variants (for exam-
ple, problem decompositions or simulated proof steps). In addition,
programmatically created variants are generated to ensure systematic
coverage of local variations (for example, by systematically altering
hypotheses or goals of T). All generated candidates are validated for
syntactic correctnessin Lean. To enrich this curriculum, an evolutionary
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refinement process iteratively expands the variant set: promising vali-
dated variants (for example, those identified by high string similarity
to T) recursively serve as seeds for further LLM-based generation over
uptoN,,,iterations (whereN,,, = 15for our reported results). This itera-
tive cycle of LLM-based and programmatic generation, validation and
evolutionary refinement, followed by deduplication, yielded hundreds
of thousands of unique, syntactically valid Lean variants (V;) for each
target 7. This comprehensive set of variants forms alocalized and struc-
tured curriculum for the subsequent RL phase (see Supplementary
Datalfor procedural details and Extended Data Fig. 5 for examples of
generated variants).

Focused RL. Following variant generation, AlphaProof executes its
core AlphaZero-inspired RL loop, initializing a specialist agent from
the main RL generalist model. The key distinction from the main RL
phase is the training curriculum: instead of general auto-formalized
statements, the TTRL agent focuses on the problem-specific set com-
prising the original target problem T and its syntactically generated
variants V;. This framework can be concurrently applied to multiple
distinct target problems by incorporating all their respective variants
into a shared start position dataset for the matchmaker, allowing for
simultaneous TTRL across different target problems as presented in
Fig. 4b. The subsequent learning process mirrors the main RL: dis-
tributed actors, coordinated by amatchmaker (see ‘Main RL’ and Sup-
plementary Table 7 for TTRL-specific hyperparameters), repeatedly
attempt to prove or disprove these problems. Experience, in the form
of (state, tactic) pairs from successful proofs or disproofs, is used to
update the specialist proof network’s parameters (see ‘Main RL’ and
Supplementary Table 6 for TTRL-specific hyperparameters). To opti-
mize the computational budget, once a target problem T is success-
fully proven, the matchmaker ceases assigning new attempts for T
anditsassociated variants V7, as the primary objective of solving T has
been achieved. This problem-specific adaptation allows the agent to
fine-tuneitslearned strategies and potentially discover insights crucial
for the target problem.

The TTRL phase thus enables AlphaProofto dedicate substantial, tar-
geted computational resources atinference. By allowing the strategic
reapplication of its full RL machinery for problem-specific adaptation,
AlphaProofunlocks the ability to solve theorems that are intractable for
the fixed, generalist model using standard inference alone. Indeed, this
TTRL approach—systematically generating and solving related, often
simpler, problem variants to build towards a solution for a complex
target problem—is inspired by a core tenet of human mathematical
problemsolving, as notably described by Polya™. The efficacy of TTRL
is demonstrated by the performance gains on held-out benchmarks
(Fig.4band Table1).

Evaluation

We evaluated AlphaProof on a comprehensive suite of formal math-
ematicsbenchmarks, spanning advanced high-school to elite Olympiad
and university-level problems.

Standard benchmarks

We introduce formal-imo, a benchmark of all non-geometry histori-
cal IMO problems that were internally formalized by experts (see
‘IMO-style geometry’ for an explanation of geometry exclusion). It
contains 258 problems: 107 algebra, 77 combinatorics and 74 number
theory problems (based on the official subject when available, or clas-
sification by domain experts). Detailed performance per problem of
AlphaProofisshownin Extended DataFig. 6. AlphaProof was also evalu-
ated onour internally corrected version of the miniF2F benchmark®,
usingits ‘test’and ‘valid’ splits as held-out test sets. These corrections
addressed various misformalized problems (for example, disprovable
statements, or statements with contradictions in its hypothesis) in
the original dataset. AlphaProof was also evaluated on the Putnam
benchmark? consisting of challenging undergraduate problems. Our

held-out test set, PutnamBench-test, comprised 189 problems from
even-numbered years (1990 onwards). PutnamBench assigns to each
one or more subjects. The most frequent ones in PutnamBench-test
were algebra (78), analysis (57), number theory (33), geometry (20)
and linear algebra (18). During our work, several misformalizations
in the original PutnamBench were identified and subsequently cor-
rected upstream.

Data separation and generalization

Toensurearigorous evaluation of AlphaProof’s generalization capabili-
ties, we carefully managed data separation across its training stages.
Although the initial pretraining of the underlying language model
utilized a broad web corpus that might have incidentally contained
natural-language discussions or solutions to some historical prob-
lems, our pretraining pipeline explicitly excluded all Lean code—and
critically, the formal proofs corresponding to our evaluation bench-
marks—from this pretraining data. Furthermore, we only trained dur-
ing the SFT phase on Mathlib, which does not contain the benchmark
problems used for evaluation. The main RL training phase exclusively
used the curriculum generated by our auto-formalization process and
the supplementary human-formalized problems (see ‘MainRL’). Cru-
cially, we explicitly removed all documents from the auto-formalization
pipelinethat were deemed too similar to any probleminthe evaluation
benchmarks. This data separation protocol was designed so that Alp-
haProof’s performance would reflect learned reasoning capabilities
rather than memorization.

IMO-style geometry

Handling IMO-style planar geometry within Lean for AlphaProof
presented challenges owing to specific gaps existing at the time of
development in Mathlib’s higher-level geometry library (for exam-
ple, incircles, congruence), making it impractical to even state many
questions. Consequently, for dedicated Olympiad geometry problems
(such as IMO 2024 P4), we used AlphaGeometry 23, a system specifi-
cally designed for modern olympiad geometry. AlphaProof tackled
IMO problems with mixed geometric-combinatorial aspects and all
PutnamBench problems, where purely planar geometry is rare, using
Mathlib’s available geometry.

IMO 2024 evaluation protocol and methods
For the IMO 2024 competition, a specific, predefined evaluation
protocol was followed to ensure arigorous assessment of live, out-of-
distribution generalization. As part of this, an agreement was estab-
lished with Prof Sir Timothy Gowers and Dr Joseph Myers to serve as
independent expert judges for any solutions produced by our Al sys-
tem, evaluating them according to official IMO point-awarding rules.
Pre-competition freeze. The main RL training of AlphaProof was halted,
and all system hyperparameters were frozen before the official release
ofthe IMO 2024 problems.
Problem formalization. Immediately upon release, the five non-
geometry IMO 2024 problems were manually formalized into Lean
by domain experts. This approach was adopted following consulta-
tion with the designated IMO judges, who indicated that the primary
evaluation concern was the system’s ability to solve the formally stated
problems, rather thanits capacity for natural-language translation of
the problem statements under competition conditions. This expert
formalization also mirrors the scenario where human contestants may
receive problems translated into their native language if needed.

Notably, P5 (combinatorics) proved exceptionally challenging to
formalize, with initial attempts by experts being unsuccessful within
thefirst day. Alongside this manual effort, we conducted a side experi-
ment to test our auto-formalization system, whichin fact successfully
formalized P1, P2 and Pé6.

For problems requiring an answer (for example, ‘Find all...’),
placeholders (sorry) were used for the answer component in the



formalization and the system was responsible for generating candi-
date answers (see main text).

Answer guessing. Answer generation was specifically optimized to
maximize thelikelihood of including the correct answer withinalarge
set of proposals (thatis, optimized for pass@k where k was large), even
atthe cost of generating many plausible butincorrect candidates. We
generated k = 500 answers, successfully guessing the correct answers
forallapplicable problems. AlphaProof was then crucial for efficiently
sifting through these numerous proposals; in alow-compute refutation
mode (within a10-minute tree search per candidate), it successfully
disproved 99% of incorrect Gemini-generated candidates for P1, 98%
for P2 and 7% for P6, thereby isolating promising candidates for the
subsequent full proof attempts.

Geometryproblem.Forreasons describedin ‘IMO-style geometry’, the
geometry problem (IMO 2024 P4) was addressed by AlphaGeometry 2°,
Verification and judging. Solutions generated by AlphaProof (P1, P2
and P6, shown in Extended Data Figs. 7-9) were first verified for cor-
rectness by the Lean kernel. Subsequently, these formal proofs were
judged according to the official IMO point-awarding rules by Prof Sir
Timothy Gowers and Dr Joseph Myers, who awarded full points for
each solved problem.

Data availability

The human-authored formal proofs used for supervised fine-tuning
were drawn from the publicly available Mathlib library*. Our corrected
versions of the miniF2F benchmark and the formal-imo benchmark
are available at https://github.com/google-deepmind/miniF2F and
https://github.com/google-deepmind/formal-imo, respectively. The
Putnam benchmark problems come from commit https://github.
com/trishullab/PutnamBench/tree/02b2cff66d7ac8e9372c778c4a
b9ec80082ecbds of the publicly available PutnamBench?®. The for-
mal problem statements that form the primary curriculum for the
main RL phase, as well as the problem variants generated for TTRL,
were synthetically produced by AlphaProof’s auto-formalization and
variant generation components, respectively, as described in Methods
(‘Auto-formalization” and ‘Scaling with TTRL’). Similarly, the proofs
used totrain AlphaProof during RL were generated by the systemitself
throughinteraction with the Leanenvironmentas described in Methods
(‘Lean environment’ and ‘MainRL’).

Code availability

The pseudocode for the AlphaProof algorithm can be found in the
file alphaproof_pseudocode.py in Supplementary Data 1. Detailed
hyperparameters for the training and search procedures are described
throughout Methods and summarized in the Supplementary tables.
The Lean 4 proof assistant, which forms the interactive environment
for AlphaProof, is open source and available at https://lean-lang.
org/. The Mathlib library, used extensively by AlphaProof, is also an
open-source community project, accessible at https://github.com/
leanprover-community/mathlib4. We are making AlphaProof’s capa-
bilities available to members of the scientific community through an
interactive tool communicating with Google servers. Researchers
interested in gaining access will be able to apply at https://deepmind.
google/alphaproof.
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P Q : Prop A
h:PaAQ
QAP
[obtain (hp, hq) :=h A
case intro B
P Q : Prop
theorem and_symm ——hp : P
{P Q : Prop} hg : Q
(h:PaAQ): FQAP
QAP :=by
obtain (hp, hq) := h [constructor B,
constructor case intro.left
/-{exact hq P Q : Prop
-/Iexact hp I— hp : P
C hg : Q
- Q
[exact hq

case intro.right
P Q : Prop

hp : P

hg : Q

- P

[exact hp D, ]

Extended DataFig.1|TheLean tacticenvironmentand its framing for tree
search. a, The Lean editor environment, with tactic state information
associated with cursor positions. b, A corresponding prooftree, linking

observations (tactic states) through actions (tactics). The ® symbolindicates
where there are multiple subgoals which must allbe solved. ¢, Thesearchtree,
with the successful prooffound highlighted in thick greenarrows.
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IMO 2021 Shortlist, Problem A5

Letn > 2 be aninteger and let a1, a2, . . ., a,, be positive real numbers with sum 1. Prove that
i ap 1
(a1 +az+---+aw 1)2 < —.
o1 LGk 3

Formalization
system

theorem imo_shortlist_2021_a5
(n:N) (ho : 2sn) (a:N>R) (hapos : V i, 0 < a i)
(hasum : ¥ i in Finset.Icc 1 n, a i =1) :
Y k in Finset.Icc 1 n, a k / (1 - a k) * (¥ i in Finset.Icc 1 (k-1), ai) *2 <1/ 3

Extended DataFig.2|Anexample of the auto-formalization process. The formalization systemin Fig. 2areceives the LaTeX-formatted natural language text of
aproblemstatement, and outputs formal statements as valid Lean code. Credit: Google DeepMind.



Impact of Variant Quantity on TTRL
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Extended DataFig.3| TTRL ablations when varying the quantity of
synthetic variants and with different variant generator LLMs. a Increasing
thenumber of variantsin the curriculum (from “Top 10” to “Top 100k”) leads to
ahigher proportion of solved variantsint the TTRL training set. b More synthetic
variants consistently improves the final prove rate on the target problems,
demonstrating the significant benefit of alarger set of problem-specific

TPUdays (per problem)

variants.c The variantsin the TTRL train set from Geminil.5Flash S (grey)

show a higher solve rate thanthose from the stronger Gemini2.0 Flash S (pink),
suggesting Gemini 2.0 Flash S’s variants may form amore challenging learning
curriculum.d Using Gemini 2.0 Flash S for variant generation resultsinanotably
higher prove rate on the target problems, indicating that the learning curriculum
isindeed more effective.
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a Scaling search on formal-imo subjects b Scaling TTRL on formal-imo subjects
0.8 0.8
—— all subjects 75.7%
—— algebra 72.6%
07 4 — number theory 0.7 A
—— combinatorics 61.3%
0.6 0.6 58.3%
53.1% é
0.5 » 0.5 o
2 5
0 04 - 43.7% CIA
= 3
& o
0.3 4 ¢ 03
©
(2]
0.2 0.2 ——X%20.3%
13.5% I
0.1 A 01 4
0.0 T T T T T 0.0 4= T T T T T
2/60 10/60 1 12 24 0 100 200 300 400 500
TPUhours (per problem) TPUdays (per problem)
c Scaling search on PutnamBench-test subjects d Scaling TTRL on PutnamBench-test subjects
0.8 0.8 7
——all subjects
—— algebra
074 — number theory 0.7 1
i 66.7%
— analysis I S
—— linear algebra 61.5%
0.6 - 0.6 [ — |
—— geometry g 56.1%
v 0.5 . “ 0.5
® 41.2% <
o /"’—)&’ ®
g 0.4 v o 0.4 X38.9%
Q 39.5% © 1 35.0%
0 39.5% °
0.3 A g 034
°
(2]
0.2 16.7% 0.2 4
0.1 4 0.1
0.0 T T T T T 0.0 T T T T T
2/60 10/60 1 12 24 0 100 200 300 400 500

TPUhours (per problem)

Extended DataFig. 4| AlphaProofinference scaling dynamics by

mathematical subject onformal-imo and PutnamBench-test benchmarks.

Scaling of solve rates with tree search compute and TTRL on formal-imo and

TPUdays (per problem)

PutnamBench-test, broken down by subject. The thick blue line represents the
overallbenchmark performance, while thinner lines show performance on
specificsubjects.



Target statement: IMO 2024 P1, with answer pre-populated by Gemini 1.5 Pro

t{e:R| ¥Yns> (0:
={e:R| Ik

Z), n | ¥ k in Finset.Icc (1
: Z, Even k A a = k}

t Z) n, Lk % ad}

~

XX Variant generator

\(Simplification )

:f{e: Q| ¥Yn>(0:2Z), n| ¥k in Finset.Icc (1
={a:Q| 3a:Z, a=anEven a}

t Z) n, Lk % ad}

a Consider a statement for rational I only

Simplification

(e :R) | Y (n:N),0<n>(n:Z) | (£iin Finset.Icc 1 n, Li % al) A
(n:2zZ) | (Y 1iin Finset.Icc 1 n, L(1 + i) % ad)}
={a:R| 3Ik:2Z, a=2x%k}
b Assume a stronger property holds for o
Lemma
L:EI(a:IR),Vn>3,nIZkinFinset.Icc (1:Z)n, Lk *xalAal<anac<?

¢ Thereis an a with 1 < a < 2 (disprovable)

Lemma

{¢ : R} (ha :Z) | (Y 1iin Finset.Icc 1 n, Li % ad)) :

VvV (n:N), 0<n>(n
Ik :zZ, |a-k|

<1/ 4

d There is an integer within distance % of «

Proof step
:{e: R| ¥Yn>(0:2Z), n| Y kin Finset.Icc (1 : Z) n, Lk % al}
cf{ae:R|3qg:0 a=qaAa=Lal}

e Statement effectively claiming that « has to be an integer
\ Proof step )

o

t Z) n, Lk % al}

tfe:R|3g:0Q a=gAa¥n>(0:2Z),n]| YkinFinset.Icc (1 : Z) n, Lk % al}
\ f Statement effectively claiming that « has to be a rational number

={a:R| 3q:0, qAVYn>(5:2Z),n| ¥k in Finset.Icc (1

Reformulation
tfe:R| Vn>(0:
= {o :

g Considering ceiling formulation

Z), n | ¥ k in Finset.Icc (1 : Z) n, La % kd}
R|Y¥Yns>(0:2Z),n| Y kin Finset.Icc (1 : Z) n, Ta % k1}

Reformulation

: {(@:R) |V (n:
={o:R| 3k :Z, Even k A &

N), 0 <n> (n:
k}

zZ) | (- (£1in Finset.Icc 1 n, Li % ad))}

h Replace sum by its negative

\j “Analogous statement )

tfo R 3 k:Z, =2 %k}
cf{a:R| VYV (Nn:N),O0<n>(n

:Z) | (X 1in Finset.Icc 1 n, Li % ad + Ln % ad)} ‘

i Add |na| and replace equality by C (disprovable)

\j _Analogous statement )

:{(e:R) | Y (n:N),O0<n>(n:2Z)]| (£1iin Finset.Icc 1 n, Li % o + 0.64)}
= {2 x k | k € Set.range (Int.cast : Z » R)}

j Add 0.6 to the value in floor

Extended DataFig. 5| Example synthetic variant problems generated by

AlphaProofautomatically for the IMO 2024 P1problem. These Lean
variants, created automatically during the TTRL phase, are presented here with
labels and descriptions by the authorstoillustrate diverse problem-solving

heuristics suchas simplification, lemma proposal, proofsteps, reformulation,
and exploring analogies. Engaging with such variants provides insightsinto the
target statement and facilitates problem-specific adaptation of the proof
agent.
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import Mathlib

/--

Determine all real numbers « such that, for every positive integer n, the integer

la] + [2a] + -+ + |[na]
is a multiple of n.

(Note that |z] denotes the greatest integer less than or equal to z. For example, |—7] = —4 and |2] = [2.9] = 2.)
-/
theorem imo_2024_p1 :
{f(¢:R) | V(n:N), @<n>(n:2Z)] (f1iin Finset.Icc 1 n, Li % al)}
={a:R| 3 k:Z, Even k A o = k} := by
rw [(Set.Subset.antisymm_iff ), (Set.subset_def), ]
existsAx L=>(L 2 two_pos).rec Al Y=>7_
useldy . x=>y.rec AS p=>?7_
- simp_all[AL:N=>(by norm_num[Int.floor_eq_iff]:L(L:R)*Sl=L%x S )]
rw[p.2,Int.dvd_iff_emod_eq_zero,Nat.lt_iff_add_one_le,<-Finset.sum_mul,<Nat.cast_sum, S.even_iff,
eNat.Ico_succ_right,@ .((( Finset.sum_Ico_eq_sum_range))),Finset.sum_add_distrib Jatx
simp_all[Finset.sum_range_id]
exact dvd_trans (2+((-:N)-1),by linarith[((«N>:Int)%(<Nat>-1)).ediv_mul_cancel$ Int.prime_two.dvd_mul.2<|by -omega])
M (mul_dvd_mul_left @- (p))
suffices : ¥ (n : N),L(n+1)%xd =L xJ+2 % * (n : N) % (1-(L(x)Jd))
- zify[mul_comm,Int.floor_eq_iff] at this
use(l-LxJd)*2
norm_num
apply@le_antisymm
use not_lt.1 (by cases exists_nat_ge (1/(x--)) with|_ N =>nlinarith[ one_div_mul_cancel $ sub_ne_zero.2
-.ne',9,Int.floor_le x, this NJ])
use not_lt.1 (by cases exists_nat_ge (1/_:R)with|_ A=>nlinarith[Int.lt_floor_add_one x,one_div_mul_cancel$
sub_ne_zero.2 -.ne',this A])

intro
induction«_» using@Nat.strongInductionOn
specialize L$ «_»+1

simp_all[add_comm,mul_assoc,Int.floor_eq_iff,<-Nat.Ico_succ_right, add_mul,(Finset.range_succ),
Finset.sum_Ico_eg_sum_range]

revert«d\n

rintro A B@c

simp_all[ Finset.mem_range.mp _,«eq_sub_iff_add_eq',Int.floor_eq_iff]

suffices:¥d in .range A,Lx+dxx1=JQ in .range A, (LxJ+2%(Q % (1-.floor x)))

- suffices:¥d in ( .range A),(((d)):Z) =A % ( A-1)/2

- have:(A : Z) % (A-1)%2=0

- cases@Int.emod_two_eq A with|_ B=>norm_num[B,Int.sub_emod,Int.mul_emod]
norm_num atx
norm_num|[ Finset.sum_add_distrib,<-Finset.sum_mul, «Finset.mul_sum _ _] atx
rw[eq_sub_iff_add_eqJatx
zify[emul_assoc, this,<eq_sub_iff_add_eq',«_ =(@ —) /@->,Int.floor_eq_iff] at %

zify[x]atx
cases S5:1t_or_ge ¢ (A % (l-.floor tx)+LxJ + 1)
. simp_all
have: (c+1:R)<=A%(1-LxJd)+LxJ+1:=by norm_cast
simp_all

cases this.eq_or_lt
- repeat use by nlinarith
nlinarith[(by norm_cast atx :(Ax(l -Lxd):R)+L(x)J >=(c)+01),9,Int.add_emod 15,Int.floor_le (@x :
R),Int.lt_floor_add_one (x:)]
simp_all
nlinarith[(by norm_cast:(c:R)>=A%(1-L_1)+L_1+1),Int.floor_le x,Int.lt_floor_add_one x]
rw [eNat.cast_sum, mul_sub, Finset.sum_range_id]
cases A with|_=>norm_num[mul_add]
use Finset.sum_congr rfl<|by simp_all[add_comm,Int.floor_eq_iff]

Extended DataFig.7| A complete proof ofIMO 2024 P1found by AlphaProof.  allowsinspectingall the intermediate Lean goal states is available in?.
This was found following the protocolinsection 6.4. Aninteractive version of This algebra problem was fully solved by 413 of the 609 student contestants?.
this figure (along with Extended Data Fig. 8 and Extended Data Fig. 9), which Figure adapted fromref.28.
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import Mathlib
open scoped Nat

/__

Determine all pairs (a, b) of positive integers for which there exist positive integers g and N such that

ged(a® +b,b" +a)=g

holds for all integers nl N. (Note that gcd(z,y) denotes the greatest common divisor of integers = and y.)

-/
theorem imo_2024_p2 : {(a, b) | O <a A0 <bAaIgN, 0<gAaA0O<NAVYnNn=2=N, Nat.gcd (a*n+b) (b*n+a)=g}=
{(1, 1)} := by
induction(10)+2
- use Set.eq_singleton_iff_unique_mem.2 (?_,Ab g=>by_contra$ g.2.2.rec AY S i=>S.rec AL D=>7?_)
- exact(by left,by left,2,3,by simp_all)
have:b.1+b.2|Y:=?_
- suffices: b.1= b.2
- norm_num[b.ext_iff,<-D.2.2 L,this]atx
use(pow_lt_pow (g.l.nat_succ_le.lt_of_ne' i) (by left)).ne' (D.2.2 _ L.le_succ)
suffices:b.1+b.2|b.fst?r (2 %L) +b.2 a(b).fst +(b).snd | b.snd* (2 xL)+b.1
- suffices:b.122%(b.1+b.2)=b.242%(b.1+b.snd)
- norm_num[Nat.add_mod,pow_mul,this,Nat.dvd_iff_mod_eq_zero,Nat.pow_mod]atx
norm_num[add_comm,b.ext_iff,sq _,<Nat.pow_mod,«Nat.dvd_iff_mod_eq_zero]atx
zify atx
cases this.l.sub this.2with|_ Z=> nlinarith [ (by (nlinarith): Z=0 )]
apply@Nat.modEq_of_dvd
use(b.snd)-b.fst , (by-ring: ( (b.snd) : Z)A2-b.fstA2=(b.fst+(b).2) * _)
norm_num[ (2).le_mul_of_pos_left,Nat.gcd_dvd,« D.2.2 (2 %L), this.trans, (D.right.1 :_)]
suffices:b.1+b.2|b.14(2%L)+b.2 Ab.1+b.2 |b.snd* (2 xL) +b.1
- exact D.2.2 (2 *(L )) (le_mul_of_one_le_left' (by decide ) )»dvd_gcd (this.left) (this).2
exfalso
suffices:b.1xb.2+1]Y
- suffices:b.1%¢ (b.1xb.2+1)%(b.1%b.2+1)=1%(b.1xb.2+1) Ab.2% ¢ (b.1x b.snd+1)%((b).1 * t(b.snd)+1)= 1% (b.1xb.snd +
1)
- absurd D.2.2 (¢ (b.1xb.2+1)xL) (by nlinarith [((b.fst %b.2+1).totient_pos).2 1 Fin.size_pos'])
apply mt (.»Nat.gcd_dvd _ _)
useAH=>absurd («_|Y>.trans H.1) (Av=sabsurd («_|Y>.trans H.2) ? _)
norm_num[pow_mul,b.ext_iff,(1).mod_eq_of_1t,g.symm,this,Nat.add_mod,Nat.dvd_iff_mod_eq_zero,Nat.pow_mod]at(i)vr
norm_num[add_comm,pow_mul,<-Nat.dvd_iff_mod_eq_zero]atx
contrapose! i
zify atx
repeat use by nlinarith[Int.le_of_dvd (by linarith) v,Int.le_of_dvd (by linarith) 1i]
repeat uset(Nat.ModEq.pow_totient (by norm_num))
by_contral! H
suffices:b.1%g (b.1xb.24+1)%(b.1xb.2+1)=1%(b.1xb.2+1) Ab.22¢ (b.1xb.2+1)%(b.1%b.2+41)=1%( b.fst % * (b.snd)+1)
« simp_all
suffices:b.1xb.2+1|b.12 (¢ (b.1%b.2+1)%(L+1)-1)+b.2 Ab.1xb.2+1]|b.2%(¢ (b.1% b.2+1)% (L+1)-1)+(b.fst)
- use H$ D.2.2 (9 _— %(L+1)-1) (L.le_sub_of_add_le (by nlinarith[((b.1% b.2+1).totient_pos).2
Nat.succ_pos']))»(((Nat.dvd_gcd) ( this).1)) this.right
cases B:Nat.exists_eq_add_of_1t$ ((b.1xb.2+1).totient_pos).2 (by continuity)
norm_num[%, g, @ _ = _»,
mul_add,Nat.pow_mod, (1) .mod_eq_of_1t,pow_add,Nat.add_mod,pow_mul,Nat.dvd_iff_mod_eq_zero,Nat.mul_mod] at thisr
simp_all
suffices:b.1xb.2+1|b.1%x( (b.1%((b).1 % ( b.snd) + 1) : _)A«Nat> +b.snd) A(b.fst % t(b.snd) + 1)|(b).sndx(
(b.snd%((b).fst % b.snd + 1))A «(Nat>+b.fst)
- norm_num[<-Nat.dvd_iff_mod_eq_zero,g,(1).mod_eq_of_lt,Nat.dvd_mul] at thisr
exists@?-
.- cases this.1 with|- Q r=>simp_all[(Q.dvd_gcd r.1 {_,.symm r.right.choose_spec.2)).antisymm]
cases@this.2with|_ F X=>simp_all[(F.dvd_gcd X.1 {_,symm X.2.choose_spec.2)).antisymm]
simp_all[mul_comm, mul_add,add_comm,Nat.add_mod,Nat.dvd_iff_mod_eq_zero]
repeat use(Nat.ModEq.pow_totient (by . . .norm_num) )
congr 26

Extended DataFig.8|A complete proofofIMO 2024 P2 found by AlphaProof.  thehighlighted line. Thisnumber theory problemwas fully solved by 156 of the
This was found following the protocolinsection 6.4. The crux of this proofiis 609 student contestants?. Figure adapted from ref. 28.
considering the properties of ab+1(e.g. thatitdivides g), whichcanbe seenon



import Mathlib

set_option maxHeartbeats 2000000
open Polynomial
/--

Let 0 be the set of rational numbers. A function f:Q — Q is called aquaesulian if the following property holds: for every z,y € Q,

Fet+f@)=f@ +y o f(f@) +y) =+ ).

Show that there exists an integer c such that for any aquaesulian function f there are at most c different rational numbers of the form f(r)+ f(—r)
for some rational number 7.

theorem imo_2024_p6
(IsAquaesulian : (@ » @) > Prop)
(IsAquaesulian_def : V f, IsAquaesulian f e V xy, f (x + fy)=Ffx+yvf (fx+y)=x+TFy):
Isleast {c : Z | V f, IsAquaesulian f » {f v + f (-v) | (r : @)}.Finite A {f v + f (-v) | (r : @)}.ncard s c} 2 := by
exists@?-
. useAu b=>if j:u 0=0then by_contra Ac=>?_ else ?_
. suffices: ({J]|3k,u k+u (-k)= 33}) c{o}
+ simp_all[this.antisymm]
rintro - (a, rfl)
contrapose! ¢

simp_all

suffices:{U|3examples6, (u) «@ +u ( -«_»)= U} c{0,(u (a : Rat)+ (u<|@ar(( (-a ))))) } .

- use ( Set.toFinite ( _) ).subset t@@this , (Set.ncard_le_ncard$ (((this )) ) ).trans (Set ncard_pair$ Ne.symm (1
((c))) ):le

rintro-(hz, rfl)
1nduct10n b @hz a
have:=b (-a)$ hz+u a
have:=b hz hz
simp_all[add_comm]
have:=b (-hz) (hz+u 1(hz))
simp_all[ add_assoc, C]
induction this
- simp_all
have:=b hz (hz+(u a+u (-a)))
have:=b (hz+(u a+u (-a)))$ hz+(u a+u (-a))
use .inr$ by_contra$ by hint
have:=b hz$ hz+(u hz+u (-hz))
cases b (hz+(u hz+u (-hz)))$ hz+(u hz+u (-hz))with|_=>hint
have:=b (-hz) (u hz+a)
have:=b$ -a
specialize this (u hz+a)
simp_all[ «add_assoc]
have:=b 0
have:=b
specialize b a a
simp_all[add_comm]
have:=(this<| -a) (ra + (((u a))): (= :((( =) ) ) )) ..
simp_all[add_assoc]
cases this
simp_all
contrapose! IsAquaesulian_def
simp_all
exfalso
have:=this a (a+(u hz+u ( -hz)))
simp_all[Ne.symm,Bool]
have:=«VYcongr_arg G,_» (a+(u hz+u (-hz)))$ a+(u thz+u +( -hz) )

simp_all
have:=this a (a +(u a+u (-a)))
cases«forall Jd S,» (a+(u a+u (-a))) ( a + (u a +u t(-a)))with| _ =>hint
simp_all

cases b 0 Owith|_=>exact absurd (b 0% (0+(1 *(@(u . ((0) )))))* 01: v ((=)) ) (id$ (by(cases ( b (u 0) ( (u
0)))with|- => continuity)))
rintro K V
specialize V $§ A N=>-N+2 *Int.ceil N
spec1allze( V' $ (IsAquaesulian_def _).mpr _)
51mp rw [ «eq_sub_iff_add_eq']
ring
use mod_cast@?-
norm_num[<-add_mul,Int.ceil_eq_iff]
useAc K=>(em _).imp ({by linarith[Int.ceil_lt_add_one c,Int.le_ceil K],.)) (by repeat use by linarith[.,Int.le_ceil
c,or,Int.ceil_lt_add_one$ K])
simp_all[Int.ceil_neg, «add_assoc]
suffices:2<=V.1.toFinset.card
. let M:=V.1.toFinset
norm_num[this,V.2.trans', (Set.ext$ by simp_all[M]: {x :Rat|3t:Rat, (72 ) % (I t 1:(@ ) ) .. + (- (2 %xL(t)]1)) =
)]
use Finset.one_lt_card.2$ by exists@d,V.l.mem_toFinset.2 (by exists-1),2,V.l1.mem_toFinset.2 (by exists 1/2)

Extended DataFig.9|A complete proof ofIM02024 Pé6found by AlphaProof.  problem was fully solved by only 5of the 609 student contestants?. Figure
Thiswas found following the protocolinsection 6.4. The highlighted lineshows  adapted fromref. 28.
thekey insight of constructing the function f(x) =-x+2[x]. This algebra
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Extended Data Table 1| Performance of the auto-formalization process on internal benchmarks of fifty representative IMO
and Putnam problems

Algebra Number theory Combinatorics Geometry All areas Pass@*k (k studies)
IMO 81.3% 76.9% 33.3% (Not included) 60.0% 96% (k=29)
Putnam 61.9% 72.7% 60.0% 54.6% 64.0% 98% (k=16)

The exact problems constituting these benchmarks are listed in Supplemental Table 5. All numbers are pass@1, except the last column which gives the proportion of problems correctly
auto-formalized in any one of our k studies, as rated by Lean experts.



Extended Data Table 2 | Detailed performance of AlphaProof configurations across all benchmarks

Compute Budget miniF2F-valid miniF2F-test formal-imo PutnamBench-train PutnamBench-test
(per problem)
AlphaProof 2 TPUmins 96.0% 96.3% 33.2% 35.4% 27.9%
P 12 TPUhours 97.1% 97.7% 43.7% 48.7% 39.5%
. 50 TPUdays 99.6% 97.5% 53.9% - 45.5%
AlphaProof with TTRL 5 1pjgays 100.0% 99.6% 58.3% - 56.1%

The “compute budget (per problem)” refers to the average computational cost as defined in Fig. 4a.100% of the miniF2F?° valid split was proved. We observe similar scaling properties of tree
search on PutnamBench-train and PutnamBench-test?. TTRL was not run on the PutnamBench-train set.
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