PROPOSITION III: SLy/SO2, BOTH LEVELS FAIL

Both conditions of the pages’ Proposition III fail for X = SLy/SOaq: the stabilizers are discon-
nected and the leading-term map doubles. We decide both levels directly. The sheaf statement
is proved in the Betti category over C with no transfer from F,, and the function statement
over every non-archimedean local field.

1. SETTING

Space. k = C, coefficients C. G = SLo, 0(g) = (¢7)~!, G’ = SO, (connected). The Cartan
embedding 7(gG%) = ¢g0(g)™' = gg" identifies

~

X=G/G" = {AcMaty: A=AT detA=1}, g-A=gAg", a9=1.

Labels. S = T is the diagonal torus, @ inverts it, Az = Ag = Za", and A; = A;r = Z>pa".
With F = k((t)), LX = X(F), LTG = SLa(k[t]):

Ty = diag(t™,t7™) = tmo‘v, O =L"TG - 2,

tnav

o(na) =na¥ —0(na") = 2na, <L = Top.

Categories. Cx = Shveons(LTG\LX) is the pages’ small, idempotent-complete stable oo-
category of bounded L*G-equivariant constructible complexes on LX, each supported on
finitely many orbit closures; an,: Op — LX; ICo = agkep,; H = Shveons(LTG\ Gr), Gr =
LG/LTG, acts by Ax F = m(AK F), m: LG xL"¢ LX — LX; V) = IC(Gr=") and
C32t = Thicke, {Va *ICo : A € AS}.

Functions. F' is a non-archimedean local field with ring of integers O, uniformizer w
and residue field Fy; X = SLo/T with T' the diagonal torus; K = SL2(0), Kar, = GL2(0),
Hi = Co(K\SLy(F)/K) with vol K = 1, g = 1y(0), Cx = C°(X(F))X. Forz = gT € X(F)
let d(x) be the distance of the vertex g~1[0?] of the tree of PGLy(F) from the apartment of
T, and 15 = 1ygp)=qy- T1 = 1k diag(w,1)Kq,- Over C the forms SLa/SO2 and SLy/T are
isomorphic; over I, they are different forms.

Proposition III. Sheaves, over k = C.

(a) O, = {A € X(F) : minval(entries of A) = —m}. For m > 1, myStabp+g(xm) =
{x1I}; Staby+q(wo) is connected. Let L., be the rank-one equivariant local system on
Oy, on which —1I acts by —1.

(b) The central element —I1 € LG acts trivially on LX and on Gr and defines a natural
automorphism e of ide,. with € =id. Put Cli( ={F :ep ==id}. ThenCx = C;Q ®Cy,
Ci and Cy are thick and mutually orthogonal, and p*: Shveons(LTPGL2\LX) = C.

(c) Cfsf‘t - C;g and 0 # am L, € Cc form > 1. Hence C%at #Ck.

(d) Vyov*ICo ~ 1C(Oay,) up to shift, forn > 0: the convolution map is finite and birational.

(e) Under the perverse input (P) of §5, C3#* = Thick{IC(Os,) : n > 0} C Cj: C Ck, with
witnesses 1C(O1, k) € Ci \ C3* and 1C(O1, L) € Ci \ Cf.

Functions, over every F.
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(f) HKQO() = C[Tf]gpo g_ (C[Tl](po = CKGL g CK, and 11 Qé HKQO(). SO HK B2l 75 CK.

(9) If q is odd, a non-square unit u gives o(gT) = sgs™ 1T, s = diag(u,1), which fizes
Hrpo pointwise and exchanges the two K-orbits in each {d =m}, m > 1; so Hipo C
Cy ¢ Ck.

Parts (a)—(d), (), (g) are proved below with no hypothesis beyond the pages’ realization of
Ck; (e) uses (P). Remark 6.4 identifies o in (g) with the Frobenius trace of e, under DO-D3.

2. ORBITS AND STABILIZERS

Lemma 2.1 (Step 1). Part (a) holds; for m > 1, Stabp+q(xm) = pua X t™E[t] as schemes,
and C;, ~ Rep(Z/2).

Proof. Orbits. Write A =t ™A’ with A’ integral and some entry a unit. A binary symmetric
form over k[t] with a unit entry represents a unit (evaluate at (1, 1) if only the off-diagonal
entry is a unit), hence A’ ~ diag(uy,u2t*™) under GLo(k[t])-congruence. Units of k[t] are
squares and det A’ , o the conjugating matrix can be taken of determinant 1 (correct
by diag(1l,—1)), and A ~ diag(t~™,t™) = w - ;. The minimal valuation of the entries is a
congruence invariant. The closures are Op, = | |, /<., O by [CY, Thm. 18].

— t2m

m
Stabilizers. g g’ = Ty, with g € SLo(F) means g = g, = <—b?m bl; ) with a?+b% = 1.

Integrality forces a € k[t], b € t™k[t]; for m > 1, a® € 1 + t>"k[t], so a = +v/1 — b2. The two
components are a = +1, the identity component is pro-unipotent, and —1 = g_1 o lies in the
other. For m = 0 the stabilizer is SO2(k[t]) = L*G,,, connected. Equivariant local systems

on one orbit are the representations of the component group of the stabilizer [CY, Ex. 108], so
CY ~ Rep(Z/2), with simples k and L. O

3. CENTRAL INERTIA

Construction 3.1 (Step 2). For a quotient stack H\Y and a central z € H acting trivially
on Y, multiplication by z is an automorphism of every H-torsor commuting with its map to Y
a 2-automorphism of idj\y. Applied to —I € LG on the finite-type models G(k[t]/tN)\ZzWN)
of Ck, where —1I is still central and acts trivially, it gives ¢ € Aut(id¢, ) with:

(E1) naturality, ego f = foep for f: F — G; and €% = id;
(E2) epyy) = er[l], and e commutes with ordinary and perverse truncations;
(E3) f*, fi, f« commute with ¢ for L*G-equivariant maps f;

(E4)

(E5) on an equivariant local system with monodromy p of 7y Stab(y) on an orbit LTG -y,

e =p(—1I).

Lemma 3.2 (Step 3). Hom(F,G[n]) =0 for F € C}t, G € Cx, n € Z; every F is F* & F~
with F* € C5; Cf = {F : Hom(F,G[n]) = 0 VG € Cy, n} and symmetrically. Hence Cj,Cy
are thick and C;; NCy =0.

¢ = id on a sheaf pulled back from a point;

Proof. Orthogonality. For f: F' — G[n], (E1)-(E2) give f = fer = eginf = —f, 80 f =0
as 2 # 0 in k. Splitting. e = (1 4+ ep)/2 is an idempotent of F' in hCk; Cx is idempotent
complete, hence so is hCx [HA, Lemma 1.2.4.6], so F' ~ F| & F, with e = i1p;. By (E1),
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ep, = p1epin = p1(2e — 1)iy = id and ep, = p2(2e — 1)is = —id. Orthogonal description. If
Hom(F,Cx[n]) = 0, the projection F — F, vanishes, so F» = 0 and F € Cj;. A left orthogonal
is thick [Stacks, Lemma 13.6.3]. O

This avoids the cofibre step of the run’s first version, which needed €2 = id in addition.

Lemma 3.3 (Step 4). PGLy acts on X by g- A = gAg'/detg with stabilizer PSOo at I,
connected. Since units of k[t] are squares, LTPGLy = LTSLa/u2, the orbits are the Oy, with
connected stabilizers, and p: LTSLo\LX — LTPGL\LX is a ps-gerbe. In characteristic 0,
p«p* = (—) ® H*(Bua, k) = id, so p* is fully faithful with essential image the objects on which
the pa-inertia acts trivially, namely C;g.

Here X = PGL3/PSOg, the double cover of the pages’ row PGLg/PO3. Steps 5-6 do not use
Lemma 3.3.

4. THE SATAKE SPAN MISSES THE ODD PART

Lemma 4.1 (Step 5). ICy € Ct; every V. € H has trivial inertia; ey.p = ey * ep. Hence
H*Cl CCl and cHt C Ci.

Proof. kg, is pulled back from a point and aq is equivariant, so ICo € C;t by (E3)—~(E4). The
stabilizers LT G Nt LT Gt~ of the orbits in Gr are connected [Zhu, §5.1], so every equivariant
local system on an orbit of Gr has e = id by (E5); splitting V = V* @ V™~ as in Lemma 3.2,
the cohomology sheaves of V'~ on orbits are equivariant local systems with ¢ = —1 (E2-E3),
hence 0, s0 V= = 0. On LG xF"CLX, (=I)]g, 2] = [g(=1), z] = [g, (—])x] = [g, 2]; tracing this
through the descent defining V ) F' [Zhu, §A.1.2], the left inertia acts on the stalk Vy ® F by
ey ®@ep (the right inertia of V', pulled back from Gr, is trivial). The map m is Lt G-equivariant,
so my commutes with ¢ (E3). As C;g is thick and contains every V) % ICy, it contains Cf’(at. U

Theorem 4.2 (Step 6). Form > 1, A, := a,n1L,, is a nonzero object of Cpe; hence A, ¢ CHat
and C%at #Cxk.

Proof. A is bounded, constructible, equivariant and supported on O,,, so it lies in Cg; it is
nonzero since a;, A, = L. By (E5) and (E3), ex- = am(p(—1)) = —id, so A, € C. By
Lemma 4.1 Clsﬁt C C;g, and C;g NCx = 0 by Lemma 3.2. U

No weights, decomposition theorem, H1-H5 or comparison with F, enter: only 2 # 0 in k.

5. THE EXACT SATAKE SPAN

Lemma 5.1 (Step 7). my,: Z,, = Gr<me” XL+X — LX has image Oay, ; the fibre over a point at
tree distance m’ from the apartment has s,(m') = #{j : m/ < 2j <2n}+#{j : m' < 25 < 2n}
points; my, is finite on finite-type slice models and an isomorphism over Os,.

Proof. Over C, X ~ SLy/T, and LT G-orbits on LX are T'(F)-orbits of tree vertices, classified
by the distance d from the apartment Ap [Cal, Prop. 7.4]. The fibre over y = yoT consists of
the vertices w with dist(w, vg) < 2n, even, on the line yoArp; the line has one vertex at distance
m’ from vy and two at each larger distance, which gives s, and s,(2n) = 1. m,, is proper with
finite fibres, hence finite on the slice models Zg — S* N Oy, of finite type [CY, Lemma 45,
Prop. 47]; in characteristic 0 the generic fibre is reduced, so m,, is an isomorphism over the
dense orbit Oy,,. O
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Lemma 5.2 (Step 8). Vyov x ICo =~ IC(Oy,) =: ICay,, up to shift.

Proof. Z, is locally Gr=ne” xLTX, so Vyav X ICy = IC(Z,,) and Vv * ICy = m,.I1C(Z,,).
Let v: Z — Y be finite and an isomorphism over a dense open j: U < Y with complement 1.
Finite pushforward is t-exact and commutes with i*,4' by base change, so i*1,ICy is in perverse
degrees < —1 and i's,ICyz in degrees > 1; by [BBD, Cor. 1.4.24], 1ICz = j.(ICy|y) =
ICy. Apply this with v = m,,, componentwise on the slice models (distinct components map
birationally onto distinct components). O

(P) On each closed finite union of orbits, Cz has a bounded perverse t-structure with finite-
length heart whose simples are IC(O,,, k) and 1C(O,y, £,,,) [BBD, Thm. 4.3.1] (standing input
of Prop. III, step 6).

Theorem 5.3 (Step 9). Under (P), part (e) holds.

Proof. For a set ¥ of simples, Dy, = {F : all composition factors of all PH*(F) lie in X} is
thick and contains >; conversely each F' € Dy is an iterated extension of shifted objects of
Y. So Ds = Thick(X), and a simple outside ¥ is not in Thick(X). By Lemma 5.2, C3&t =
Thick{ICs,}. By (E2) e commutes with ? H’; subobjects and quotients of a perverse sheaf with
€ = id have € = id; on a simple, ¢ = id exactly when the coefficient system is constant. So
C;g = Thick{IC(Oy,, k) : m > 0}, and the witnesses are simples outside the respective sets. [J

The gap C;; \ C32% is the coverage failure p(AF) = 2A%; the gap Cx \ Cj; is the failure of (H3),
Zco(S) = {£I}. The trivial-coefficient ICs on the labels ¢(Ar) are the ones in Rep(Gx) [CY,
proof of Thm. 87]; Remark 89 there names SLy/SO2 as the example where the hypotheses fail.

6. FUNCTION LEVEL

Lemma 6.1 (Step 10). X(F) = SLy(F)/T(F') = GLa(F)/TcL(F), KaL\X (F) = {d > 0},
and on Ckg,,

Tilp =21 + 14, 71y = (¢ —1)1p + 1g, T11g=qlg_1+ 1441 (d>2).
So Tpo = 14 + (terms with smaller d) and p — p(T1)¢o is an isomorphism Cly] — Cik, -

Proof. Hilbert 90 for T'. T'(F') translates the apartment and 7°(Q) acts on the vertices above
an apartment vertex by z — alaglx [Cal, Prop. 7.4]; T is the adjacency operator, and a
vertex on the apartment has two neighbours on it and ¢ — 1 at distance 1, a vertex at distance
d > 1 has one neighbour nearer and ¢ farther. ([l

Theorem 6.2 (Step 11). Part (f) holds, for every q and every F'.

Proof. Hx = C[S] with S = 1 giag(w,=- 1)k [Ca2, Cor. 1.9]. The diagonal units normalize K
and commute with ¢ = diag(w, w 1), and Kgr, N SLa(F) = K, so KtK/K — KqrtKaL/KaL
is a bijection; the centre acts trivially on X, so on Ck, the operator S is T(5 ) = T2 —(g+1)
[Ca2, Lemma 1.6]. Hence Hxpo = C[T?¢o, which corresponds to C[y?] under Lemma 6.1,
while 17 = (T} — 2)p corresponds to y — 2 ¢ C[y?]. Equivalently, p(T%?)po is supported in
{d < 2degp} and its support contains 2degp, so dim (Hxpo N Ce({d < 2N})) = N +1 <
2N + 1. ]

Lemma 6.3 (Step 12). Part (g) holds.
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Proof. For d(z) > 1 the Kgp-stabilizer of 2 has determinants O*?(1 + w?0) = 0*? (q odd),
so {d} is two K-orbits; {d = 0} = K - z¢ since T'(O) has all determinants. s normalizes K,
T and every Kt*K and fixes xg, so o commutes with 7 and fixes ¢g; it exchanges the two
K-orbits because Kqgr, = K - {diag(u, 1)} (Proposition J(2) of the pages computes d =1). O

Remark 6.4 (Trace of €). Over Fyn((t)), ¢ odd, oy, is the action of h = diag(v/u, Vu ') €
L*SLy(F,), whose Lang cocycle is h~'Fr™(h) = —I. Hence, under DO-D3 with disconnected
stabilizers, tr,(ICy ) o o, = x(—1) tr,(ICy): the geometric isomorphism h*M ~ M gives a
second Weil structure, EndIC, , is scalar, and the scalar is read at x,. So C}? and Cj trace to
the o-even and o-odd functions. This repairs the run’s first /-adic proof, whose step asserting
the o-invariance of tr,, ICyy,, restated its claim.

7. CORRECTIONS CARRIED FROM THE AUDIT

e For GL2/T, V{; ) x ICq =~ IC(0y) is simple: the convolution map is finite, two-to-one
over Oy and an isomorphism over ;. The run’s remark that ICy is a summand of it
is false; nothing here uses it.

o “p(T?)pp has support exactly {0,...,2degp}” is false, e.g. (T2 —(g+3))po = 211 + 1o;
Theorem 6.2 uses only that the support contains 2 deg p.

e The (-adic proof of non-generation by traces has a circular step; Remark 6.4 supplies
it, and Theorem 4.2 does not depend on it.
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