
PROPOSITION VIII: E6/F4, THE ONE DIVERGENCE

At X = E6/F4 the sheaf statement CSatK = CK holds while spherical generation (SG) fails. The
sheaf half is proved over Fq. The function half now holds over Fq((t)), the same field family,
and over every p-adic field, p odd: by Proposition VI, Sakellaridis’s Theorem 8.0.2 holds for an
explicit integral model over both (audited run sakellaridis-char-p [SCP]). This note states both
halves precisely and proves them. The sheaf half uses Propositions I and II; the function half
uses Proposition VI and Proposition VII, which shows that CK needs exactly two generators.

1. Setting

Root data. G is the split simply connected group of type E6 (over Z[1/2]), with Bourbaki
labels: the chain 1–3–4–5–6 and node 2 attached to node 4. θ is the involution of type E IV,
Gθ = F4 (connected, G simply connected), X = G/Gθ, x0 = eGθ. The Satake diagram has
black nodes 2, 3, 4, 5 (a D4) and white nodes 1, 6. S is a maximal θ-split torus, T ⊇ S a θ-stable
maximal torus, L = ZG(S) the Levi of the black nodes, ρL the half-sum of its 12 positive roots,
and on ΛT = X∗(T ) =

⊕
j Zα∨

j

θ = −wL, ϕ = 1− θ, ZGθ(S) = Spin8 (connected).

Write (a, b) := aω∨
1 + bω∨

6 . Then ϕ kills α∨
2 , . . . , α

∨
5 and

e1 := ϕ(α∨
1 ) = (2,−1), e6 := ϕ(α∨

6 ) = (−1, 2), ΛS = Ze1 ⊕ Ze6 = {(a, b) : a ≡ b mod 3},

Λ+
S = {(a, b) : a, b ≥ 0, a ≡ b mod 3}, Λ+

S \ ϕ(Λ
+
T ) = {(3k, 0), (0, 3k) : k odd}.

The last equality is the lemma of §5 of the spherical workspace’s E6/F4 page: a dominant
λ =

∑
i ciω

∨
i has ϕ(λ) = (2c1 + c2 + 2c3 + 2c4 + c5, c2 + c3 + 2c4 + 2c5 + 2c6), so ϕ(λ) = (a, 0)

forces c2 = · · · = c6 = 0 and a = 2c1 even. The diagram automorphism σ exchanges nodes
1↔ 6, 3↔ 5.

Sheaf level. k = Fq, p 6= 2, ` 6= p; coefficients Qℓ. LX = X(k((t))), L+G = G(k[[t]]),
LX =

⊔
µ∈Λ+

S
Oµ, Oµ = L+G · xµ, τ(xµ) = tµ for the Cartan embedding τ(gGθ) = gθ(g)−1,

tλx0 = xφ(λ) [CY, Prop. 17]. ν ≤ µ is the dominance order, Oµ =
⊔

ν≤µOν [CY, Thm. 18],
and δ(µ) is the codimension of O0 in Oµ. ICν is normalized by ICν |Oν = Qℓ[δ(ν)]. Vλ is the
Satake sheaf of Gr≤λ,

m : Gr≤λ ×̃L+X → LX, [g, y] 7→ gy, Vλ ∗ IC0 = m!(Vλ ⊠̃ IC0) '
⊕
ν,n

ICν [−n]⊗ Eν,n(λ),

the decomposition being input D2. CSatK = ThickCK{Vλ ∗ IC0 : λ ∈ Λ+
T }.

Function level. F is Fq((t)) or a p-adic field, p odd, with ring of integers OF and residue field
Fq, K = G(OF ), HK = Cc(K\G(F )/K) ' C[A∗]W , A∗ = Hom(ΛT ,C×), CK = C∞

c (X(F ))K ,
ϕ0 = 1X(OF ), and

(SG) HK · ϕ0 = CK .
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2 PROPOSITION VIII

A∗
X = Hom(ΛS ,C×) ↪→ A∗, y 7→ y ◦ ϕ, with coordinates u = y(e1), v = y(e6); δ(X)1/2 = qρL ;

WX = S3; and

r : C[A∗]W → C[ΛS ]
WX , r(f)(y) = f(qρLy), Mκ =

∑
κ′∈WXκ y

κ′
.

Inputs.
(A):

Sakellaridis’s standing hypotheses [Sak, §1.7, §7, §8] for an OF -model of X at F , stated
on Proposition VI: F of characteristic 0 and G split with simply connected derived group
(A1) ((A1p): the same with F = Fq((t))); an OF -model whose open B-orbit is smooth,
surjective and B-homogeneous over OF , with eigenmeasures (A2); rank-one models over
OF (A3a), the Cartan decomposition (A3b) and Iwahori orbits (A3c) (Axioms 2.2.1,
2.4.1, 2.4.2); no maximal-rank pair (Y, α) of type N , Lγ classical, Statements 6.3.1 and
7.1.5 (A4); X homogeneous affine with X̊(F ) one B(F )-orbit (A5). Status for E6/F4:
proved for the model Mθ = (GZ/G

θ0
Z ) ⊗ OF of Proposition VII, θ0 an involution of

type E IV defined over Z, p odd. Over every p-adic F all of them hold, (A3a) included
(Theorem 2.8; audited in Summary 6.9); over Fq((t)), (A1p), (A2), (A3a), (A3b), (A3c),
(A5) and (A4) hold, except the analytic part of Statement 6.3.1 (Summary 3.12; audited
in Summary 5.13), and Theorem 8.0.2 holds by transfer from the totally ramified fields
Qq(p

1/e) (Theorem 4.8; audited in Audit 5.6). The cited inputs are listed in Proposition
VII, Step 11.

D0:
Chen–Yi’s orbit geometry over Fq, p 6= 2: Prop. 17, Thm. 18, the support bound
supp(Vλ ∗ IC0) ⊆ Oφ(λ), the stabilizer lemma. Caveat: Chen–Yi prove Prop. 17(i),
the orbit parametrization, by citing Gaitsgory–Nadler, Thm. 8.2.9, and Nadler (2004),
Thm. 4.2, which are over C (found independently by two agents of the run and confirmed
by its audit: Audit 3.1, Audit 4.3, Audit 5.7). For E6/F4 the function-level parametriza-
tion K\X(Fq((t))) ' Λ+

S is now proved directly (Theorem 3.8, Proposition 4.5).
D1:

Proper base change and Grothendieck–Lefschetz on convolution fibres.
D2:

The decomposition of Vλ ∗ IC0 into shifted ICν with constant coefficients [Sun, Thm. 1.2],
[CY, Prop. 70].

D3:
Lang’s theorem for L+G and the stabilizers (used only in part (c)).

D5:
The comparison Fq ↔ C of “ICµ is a summand of Vλ ∗ IC0” (spreading out, [BBD, §6.1];
[BF, Prop. 5]).

2. Statement

Proposition VIII. Let X = E6/F4 as above.
(a) Functions fail. Let p be odd, let F be Fq((t)) or a p-adic field, and let X =Mθ; or let

F be p-adic and X any OF -model satisfying (A). Put y1 = (q−5, q) and y2 = (q−5, q4)

in (u, v)-coordinates. Then qρLy1 and qρLy2 are W (E6)-conjugate, y1 and y2 are not

../sakellaridis.html#hyp-a1
../sakellaridis.html#hyp-a1p
../sakellaridis.html#hyp-a2
../sakellaridis.html#hyp-a3a
../sakellaridis.html#hyp-a3b
../sakellaridis.html#hyp-a3c
../sakellaridis.html#hyp-a4
../sakellaridis.html#hyp-a5
../sakellaridis.html#hyp-a3a
../../../sakellaridis-char-p/nodes/A2-8.html
../../../sakellaridis-char-p/nodes/A6-9.html
../sakellaridis.html#hyp-a1p
../sakellaridis.html#hyp-a2
../sakellaridis.html#hyp-a3a
../sakellaridis.html#hyp-a3b
../sakellaridis.html#hyp-a3c
../sakellaridis.html#hyp-a5
../sakellaridis.html#hyp-a4
../../../sakellaridis-char-p/nodes/A3-12.html
../../../sakellaridis-char-p/nodes/A5-13.html
../../../sakellaridis-char-p/nodes/A4-8.html
../../../sakellaridis-char-p/nodes/A5-6.html
../../../sakellaridis-char-p/nodes/A3-1.html
../../../sakellaridis-char-p/nodes/A4-3.html
../../../sakellaridis-char-p/nodes/A5-7.html
../../../sakellaridis-char-p/nodes/A3-8.html
../../../sakellaridis-char-p/nodes/A4-5.html


PROPOSITION VIII 3

WX-conjugate, and

M(3,0)(y1) = q−9 + q3 + q6 6= q−6 + q−3 + q9 = M(3,0)(y2).

Hence im r ⊆ {g : g(y1) = g(y2)} ⊊ C[ΛS ]
S3, r is not onto, and (SG) fails, for

every q; more precisely, CK needs exactly two generators (Proposition VII). For Mθ

no hypothesis remains open: (A) is proved, and Theorem 8.0.2 holds over both fields
(Proposition VI).

(b) Sheaves hold. Over Fq, p 6= 2, under D0–D2: for odd k put

µk = (3k, 0), µ′
k = µk + e6 = (3k − 1, 2), λk = 3k−1

2 ω∨
1 + ω∨

6 .

Then ϕ(λk) = µ′
k, {ν : µk ≤ ν ≤ µ′

k} = {µk, µ
′
k}, codim = 8, both fibres Fk = m−1(xµk

)

and F ′
k = m−1(xµ′

k
) lie in Grλk , F ′

k = {tλk}, and dimFk ≥ 7. Consequently ICµk
is a

direct summand of Vλk
∗ IC0; with the mirror labels and the covered labels, every ICµ is

a summand of a Satake object and CSatK = CK . Through D5 the same holds in the Betti
category over C.

(c) Why the levels split. Over Fq((t)), q odd, under D0–D3, CSatK = CK says that every
row of the multiplicity matrix is nonzero, while (SG) says that its columns span. For
E6/F4 every row is nonzero, by (b), and the columns do not span, by (a) over Fq((t)):
the first does not imply the second. Both halves now concern Fq((t)) and its geometric
counterpart over Fq.

3. Proof of (a): functions

Step 1 (Theorem E). Let X =Mθ over Fq((t)) or a p-adic F , p odd, or let X be any model satis-
fying (A) at a p-adic F . By [Sak, Thm. 8.0.2], and over Fq((t)) by Proposition VI (Theorem 4.8),
there is an isomorphism of HK-modules

CK ' C[δ(X)1/2A∗
X ]WX , ϕ0 7→ 1,

with HK ' C[A∗]W acting through r. So HKϕ0 corresponds to im r, and (SG) holds if
and only if r is onto ([Sak, Cor. 8.0.4(1)] for ⇐). For symmetric X, L(X) = L, AX ' S,
ΛX = ϕ(ΛT ) = ΛS [Sak, §2.1], and δ(X), the modular character of L∩B, gives δ(X)1/2 = q±ρL ;
the two signs give intertwined maps, so surjectivity does not depend on the sign. Each class
of WX has a representative w with wρL = ρL, so im r ⊆ C[ΛS ]

WX .
Step 2 (the restriction map for E6/F4). The 12 positive roots of the black D4 give 2ρL =

6α2 + 6α3 + 10α4 + 6α5 and 〈ρL, α∨
j 〉j=1..6 = (−3, 1, 1, 1, 1,−3). So x = qρLy satisfies

xα
∨
1 = q−3u, xα

∨
6 = q−3v, xα

∨
j = q (j = 2, . . . , 5).

The elements w1 = w0(D
{1..5}
5 )w0(D4) and w6 = w0(D

{2..6}
5 )w0(D4) fix ρL, commute with ϕ

and act by s1(a, b) = (−a, a+ b), s6(a, b) = (a+ b,−b); on A∗
X , s1(u, v) = (u−1, uv), s6(u, v) =

(uv, v−1). So WX = S3, the restricted root system is A2 with all multiplicities 8, and the target
is C[ΛS ]

S3 , generated as a ring by M(1,1),M(3,0),M(0,3), since (1, 1), (3, 0), (0, 3) generate the
monoid Λ+

S and MκMκ′ = Mκ+κ′+ lower terms. Finally r(mω∨
2
) = c8(q)M(1,1) + const with

c8 = q−3 + q−2 + q−1 + 2 + q + q2 + q3, and σ commutes with r; so r is onto if and only if
M(3,0) ∈ im r.
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4 PROPOSITION VIII

Step 3 (a glued pair of points). Write qλ for the point x with xµ = q⟨λ,µ⟩. By Step 2,

qρLy1 = qλ
∗
1 , λ∗

1 = ρ− 9ω1 − 3ω6 = (−8, 1, 1, 1, 1,−2),

qρLy2 = qλ
∗
2 , λ∗

2 = ρ− 9ω1 = (−8, 1, 1, 1, 1, 1)

in fundamental-weight coordinates. Reflecting at negative coordinates, the words (applied left
to right)

λ∗
1 : s1s3s4s2s5s4s3s1s6s5s4s2s3s1s4s3s5s6, λ∗

2 : s1s3s4s2s5s4s3s1s6s5s4s2s3

carry both weights to the same dominant weight (1, 1, 1, 0, 1, 1) = ρ − ω4. So the two points
are W -conjugate, and every f ∈ C[A∗]W takes equal values there: g(y1) = g(y2) for g ∈ im r.
In (logq u, logq v),

WXy1 = {(−5, 1), (−4,−1), (−1, 5), (1, 4), (4,−5), (5,−4)},
WXy2 = {(−5, 4), (−4, 5), (−1,−4), (1,−5), (4, 1), (5,−1)},

which are disjoint. With WX(3, 0) = {(3, 0), (−3, 3), (0,−3)} and y(a,b) = u(2a+b)/3v(a+2b)/3,
M(3,0) = u2v + u−1v + u−1v−2 takes the two values of (a), which differ for q > 1. Hence
M(3,0) /∈ im r and r is not onto; by Step 1, (SG) fails. Only the W -conjugacy of the integral
weights λ∗

1, λ
∗
2 is used, so this holds for every q. Moreover σy1 ∈ WXy2: the point y1 is glued

to its σ-image. Proposition VII strengthens this: im r is exactly {g : g(y1) = g(σy1)}, of
codimension one.
Step 4 (Sakellaridis’s hypotheses hold for the model). For the model Mθ of Proposition VII,
p odd. The field and group (A1), (A1p) hold: E6 is split and simply connected; F is p-adic,
or F = Fq((t)). The integral model (A2) holds: θ0 is defined over Z, Gθ

OF
is smooth with

connected fibres of type F4, X is quasi-affine, and the open Borel orbit is UP × AX , smooth
and surjective over OF with one BFq -orbit as special fibre. Rank-one models (A3a) hold over
every discrete valuation ring with 2 invertible: the 45 Borel orbits Bẇx0 are all of maximal
rank, and Y Pα/R(Pα) is PGL2\PGL2 (90 pairs) or B2\PGL2 = P1

OF
(180 pairs) (Theorem 2.8;

audited in Summary 6.9). The Cartan decomposition (A3b), G(F ) = K T (F )Gθ(F ), holds
by Delorme–Sécherre with H1(F, Spin8) = 1, and the Iwahori orbits (A3c) at every label; over
Fq((t)) both are reproved in characteristic p (Theorem 3.8, Audit 3.9). The spherical roots and
colours (A4) hold: the spherical roots γ1 = 2ω1 − ω6 and γ6 = −ω1 + 2ω6 have type G, no
maximal-rank pair has type N , each Lγ is of type D5, and Statements 6.3.1 and 7.1.5 hold;
over Fq((t)) all but the analytic part of Statement 6.3.1 is reproved (Summary 3.12), and the
transfer does not need that part. The single open orbit (A5) holds: for g = ul ∈ B ∩Gθ with
u ∈ UP , l ∈ BL, θ(u) = u lθ(l)−1 ∈ UP− ∩ P = 1, so B ∩ Gθ = BL ∩ Lθ, a Borel subgroup of
Lθ = Spin8, connected; hence H1(F,B ∩ Gθ) = 1 and X̊(F ) is one B(F )-orbit. Over Fq((t)),
Theorem 8.0.2 holds by transfer from Qq(p

1/e), e� 0, where Qq is the unramified extension of
Qp with residue field Fq (Lemma 4.2, Proposition 4.5, Proposition 4.6, Theorem 4.8; audited
in Audit 5.1, Audit 5.3, Objection 5.4, Audit 5.6). The cited inputs not re-proved are listed in
Proposition VII, Step 11.
Remark (the family H3(Kd)). The restricted root system A2 with multiplicity d occurs for
d = 1, 2, 4, 8; r is onto for d = 4 (SL6/Sp6) and not onto for d = 8 (E6/F4).
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4. Proof of (b): sheaves

Step 5 (the standing inputs). Over Fq, H1–H3 of Proposition I hold for E6/F4 by D0: closures
by [CY, Thm. 18], finite-type models by [CY, Thm. 36], connected stabilizers by [CY, Ex. 88],
i.e. ZGθ(S) = Spin8 connected. D2 gives the decomposition with constant coefficients; D1
computes stalks by fibres.
Step 6 (labels). ΛS ∩

∑
Z≥0α

∨
j = Z≥0e1 ⊕ Z≥0e6: e1 = 2α∨

1 + α∨
2 + 2α∨

3 + 2α∨
4 + α∨

5 , and
p = 1

2(1−θ) fixes ΛS and sends
∑

cjα
∨
j to c1

2 e1+
c6
2 e6. So ν ≤ µ iff µ−ν ∈ Z≥0e1+Z≥0e6, and

e6 spans an edge: the interval [µk, µ
′
k] is {µk, µ

′
k}. By [CY, Prop. 64] (LX connected as G is

simply connected; its proof is valid for p 6= 2), codimOµ
Oν = 〈ρ, µ−ν〉, so δ(a, b) = 8(a+b) and

the codimension is 〈ρ, e6〉 = 8. The label λk is integral (its class ck+2 = 3(k+1)
2 vanishes in Z/3),

dominant, ϕ(λk) = (2ck, 2) = µ′
k, and dimGrλk = 〈2ρ, λk〉 = 16(ck + 1) = 8(3k + 1) = δ(µ′

k),
with ck = 3k−1

2 .
Step 7 (both fibres in the open cell). Fx ' {gL+G ∈ Gr≤λk : g−1x ∈ L+X} is closed in Gr≤λk .
If such g lies in Grλ

′′ with x ∈ {xµk
, xµ′

k
}, then x ∈ L+Gtλ

′′
L+X, so by the support bound

µk ≤ ϕ(λ′′) ≤ ϕ(λk) = µ′
k. ϕ(λ′′) = µk is impossible (µk is uncovered). If ϕ(λ′′) = µ′

k and
λ′′ < λk, then κ = λk − λ′′ =

∑5
j=2 cjα

∨
j 6= 0, cj ≥ 0, and dominance of λ′′ with 〈αj , λk〉 = 0

gives 〈αj , κ〉 ≤ 0 for j = 2..5, contradicting (κ, κ) =
∑

j cj(α
∨
j , κ) > 0. So Fk, F

′
k ⊆ Grλk ,

where Vλk
= Qℓ[δ(µ

′
k)]; by proper base change, (Vλk

∗ IC0)x ' RΓ(Fx,Qℓ)[δ(µ
′
k)]. No stalk of

IC(Gr≤λk) enters.
Step 8 (the covering fibre is a point). This replaces a dimension count in a congruence quotient,
which is wrong as written. T ′ = (T θ)◦ fixes every xµ, since τ(sxµ) = stµs−1 = tµ; so F ′

k is
T ′-stable. No root of E6 vanishes on T ′: such a root is aω1+ bω6 with 2(a2+ab+ b2) = 3. So a
generic cocharacter η of T ′ has ZG(η) = T , and its fixed points on Gr are the tν [Zhu, proof of
Lemma 5.3.7]. A fixed point tν of F ′

k has ν ∈Wλk and ϕ(ν) = µ′
k; then ν − λk ∈ kerϕ, which

is orthogonal to λk, and |ν| = |λk| force ν = λk. In a T -equivariant projective embedding with
linear action (lattice model of Gr≤λk , Plücker coordinates), a non-fixed point has two distinct
limits under η, both fixed, in its own component. Hence F ′

k = {tλk}, and Eµ′
k,n

(λk) = Qℓ for
n = 0, 0 otherwise.
Step 9 (the special fibre is large). Zk = ZGθ(µk)

◦ fixes xµk
(τ(hxµk

) = htµkh−1 = tµk), hence
acts on Fk. ZG(µk) is the Levi D5 on nodes 2..6, and LieZk = tθ⊕

⊕
α∈ΦL

gα⊕
⊕

{α,θα} k(Xα+

θXα) has dimension 4 + 24 + 8 = 36: type B4, Zk ' Spin9. The points tνL+G of Fk are the
ν ∈ Wλk with ϕ(ν) = µk: exactly eight, with 〈ρL, ν〉 ∈ {−3,−2,−1, 0, 0, 1, 2, 3}. At each,
dim(LieZk ∩ LieP (−ν)) = 4 + 18 + 7 = 29, where P (−ν) is the stabilizer of tνL+G in G. So
dimZk · tνL+G ≥ 36− 29 = 7 and dimFk ≥ 7.
Step 10 (detection lemma). Let P '

⊕
ν,n ICν [−n] ⊗ Eν,n (finite, constant coefficients) and

µ < µ′ with (1) Eν,n = 0 unless ν ≤ µ′; (2) [µ, µ′] = {µ, µ′}; (3) Eµ′,n = 0 for n 6= 0. Then
Hj(Pxµ) ' Eµ,j+δ(µ) for j ≥ −δ(µ). Indeed only ν ∈ {µ, µ′} have stalks at xµ [CY, Thm. 18];
ICµ[−n] contributes Eµ,n in degree n− δ(µ); and Hj(ICµ′)xµ = 0 for j ≥ −δ(µ) by the degree
bound degPµ;µ′ ≤ 1

2(δ(µ
′)− δ(µ)− 1) [CY, Cor. 14(ii)].

Step 11 (the uncovered label is a summand). Apply Step 10 to P = Vλk
∗ IC0, µ = µk, µ′ = µ′

k:
(1) is the support bound, (2) is Step 6, (3) is Step 8. By Step 7, for n ≥ 0,

Eµk,n(λk) = Hn−δ(µk)+δ(µ′
k)(Fk) = Hn+8(Fk).
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Fk is projective of dimension d ≥ 7, so H2d(Fk) 6= 0 and Eµk,2d−8 6= 0, 2d − 8 ≥ 6; also
Eµk,0 = H8(Fk) 6= 0. So ICµk

is a direct summand of Vλk
∗ IC0, a retract, and lies in CSatK .

Step 12 (mirror labels, covered labels, generation). The labels (0, 3k): rerun Steps 6–11 with
nodes 1 and 6 exchanged, λ = ω∨

1 + ckω
∨
6 , Levi D5 on nodes 1..5; the numbers are identical

(eight fixed points over (0, 3k), one over (2, 3k− 1), orbit bound 7). Transport by σ would first
require normalizing σ to preserve Gθ. Covered labels µ = ϕ(λ): the restriction of Vλ ∗ IC0 to
Oµ is a nonzero sum of shifted constant sheaves and its support lies in Oµ (Proposition III,
step 6 of the spherical workspace), so some Eµ,n(λ) 6= 0. Thus every ICµ is a summand,
and Proposition I (summand criterion) gives CSatK = CK . Each summand statement involves
finite-type data defined over Z[1/2]; by D5 it holds over C for the corresponding label, and
Proposition I there gives CSatK = CK in the Betti category.
Step 13 (heuristic refinement, not used). This step is a conjecture; nothing else uses it. If
Fk
∼= Q7, the quadric of isotropic lines of the 9-dimensional representation of Spin9 (χ(Q7) = 8

matches the eight fixed points), then Eµk,• = Q7
ℓ in degrees −6,−4, . . . , 6, Pµk;µ

′
k
= 1, and the

graded trace is q−3 + · · ·+ q3 = c8(q)− 1, matching the coefficient of M(3,0) in r(mω∨
1 +ω∨

6
).

5. Proof of (c): why the levels split

Step 14 (rows and columns). Over Fq((t)), q odd, under D0–D3, put mνλ =
∑

i(−1)i tr(Fr |
Eν,i(λ)), rows indexed by orbit labels ν, columns by Satake labels λ. By Proposition II (the
trace dictionary), K\X(F ) = Λ+

S , the tr ICν are unitriangular in the orbit indicators, tr(Vλ ∗
IC0) = tr(Vλ) ∗ ϕ0, and the trVλ span HK ⊗Qℓ; so the column span is HKϕ0 ⊗Qℓ, and (SG)
over Fq((t)) holds iff the columns span. By Proposition I, CSatK = CK iff every row of (Eν,•(λ)) is
nonzero. At ν = µk every column with Eµk,•(λ) 6= 0 has ϕ(λ) > µk, so no column supported in
{ν ≤ µk} is nonzero at µk: a nonzero row detects ICµk

but produces no triangular generator,
and whether a combination of columns isolates µk depends on the values at the given q. For
E6/F4 the columns do not span: (SG) fails over Fq((t)) by (a), and the indicator of the orbit of
µ1 = 3ω∨

1 is not in the column span (Proposition VII(b)(4)). Step 3 kills the span by a Weyl
coincidence of shifted points that move with q; in [Sak, Ex. 8.0.1], where δ(X) is trivial, they
do not.
Step 15 (one field). For Mθ, p odd, every arrow of the chain is available:

CK,C
D5←→ CK,Fq

tr−−→ CK

(
Fq((t))

) close fields←→ CK

(
Qq(p

1/e)
) Thm. 8.0.2←→ im r.

For e � 0 the rings of integers of Fq((t)) and Qq(p
1/e) agree modulo a high power of the uni-

formizer, and membership in Cartan and Iwasawa cells is decided modulo a power independent
of the field (Lemma 4.2). So the Cartan decomposition and every structure constant of the
Hecke action on CK agree over the two fields (Proposition 4.5, Proposition 4.6), and Theorem
8.0.2 over Qq(p

1/e) gives the HK-isomorphism over Fq((t)) with ϕ0 7→ 1 (Theorem 4.8; audited
in Audit 5.1, Audit 5.3, Objection 5.4, Audit 5.6). This is the comparison of CK between p-adic
and Laurent-series fields that was missing. The computation of r in Steps 2–3 does not depend
on the field, so (SG) fails over Fq((t)) and CK needs exactly two generators there (Proposition
VII); in particular dimHomHK

(CK ,Cχ) = 2 at the character of qρ−ω4 , which a cyclic module
cannot have [Sak, Cor. 8.0.4(2)]. A Hecke count on the E6(OF )-orbits of {N = 1} ⊂ H3(O)

would be a second route; it is not needed.

../../../sakellaridis-char-p/nodes/A4-2.html
../../../sakellaridis-char-p/nodes/A4-5.html
../../../sakellaridis-char-p/nodes/A4-6.html
../../../sakellaridis-char-p/nodes/A4-8.html
../../../sakellaridis-char-p/nodes/A5-1.html
../../../sakellaridis-char-p/nodes/A5-3.html
../../../sakellaridis-char-p/nodes/A5-4.html
../../../sakellaridis-char-p/nodes/A5-6.html


PROPOSITION VIII 7

Step 16 (conclusion). By (a) and (b), the E6/F4 row is a divergence over one field: CSatK = CK
over Fq, p 6= 2, under D0–D2 (Betti via D5), while (SG) fails forMθ over Fq((t)) and over every
p-adic field, p odd, where CK needs exactly two generators (Proposition VII). The function half
has no open hypothesis, granted the cited inputs of Proposition VII, Step 11. By Proposition II
no case of the reverse divergence occurs over Fq((t)). □
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