PROPOSITION VIII: Es/F,, THE ONE DIVERGENCE

At X = Eg/Fy the sheaf statement C3*' = Cx holds while spherical generation (SG) fails. The
sheaf half is proved over F,. The function half now holds over F,((¢)), the same field family,
and over every p-adic field, p odd: by Proposition VI, Sakellaridis’s Theorem 8.0.2 holds for an
explicit integral model over both (audited run sakellaridis-char-p [SCP]). This note states both
halves precisely and proves them. The sheaf half uses Propositions I and II; the function half
uses Proposition VI and Proposition VII, which shows that Cx needs exactly two generators.

1. SETTING

Root data. G is the split simply connected group of type Eg (over Z[1/2]), with Bourbaki
labels: the chain 1-3-4-5-6 and node 2 attached to node 4. 6 is the involution of type EIV,
G® = F; (connected, G simply connected), X = G/G?, z9 = eG’. The Satake diagram has
black nodes 2,3,4,5 (a Dy) and white nodes 1,6. S is a maximal #-split torus, T' O S a #-stable
maximal torus, L = Zg(.5) the Levi of the black nodes, pz, the half-sum of its 12 positive roots,
and on Ar = X(T) = @, Zo

0 =—-wp, p=1-0, Zeo(S) = Sping (connected).
Write (a,b) := awy + bwy. Then ¢ kills o, ...,y and
e1 = () = (2,-1), es:=p(ag)=(-1,2), Ag =Zey @ Zeg = {(a,b) : a = bmod 3},

AL ={(a,b) : a,b>0, a=bmod 3}, AL\ o(AT) = {(3k,0), (0,3k) : k odd}.
The last equality is the lemma of §5 of the spherical workspace’s Fg/Fy page: a dominant
A=Y ciw) has (X)) = (2¢1 + 2 + 2¢3 + 2¢4 + 5, €2 + 3 + 2¢4 + 205 + 2¢6), S0 p(A) = (a,0)
forces co = -+ = ¢g = 0 and a = 2¢; even. The diagram automorphism o exchanges nodes
16,3+ 5.

Sheaf level. k = F,, p # 2, { # p; coefficients Q,. LX = X(k(t)), LTG = G(k[t]),
LX = UMEA§ Oy, 0, = L*G -z, 7(z,) = t* for the Cartan embedding 7(9G%) = gf(g)~!
g = Ty [CY, Prop. 17]. v < p is the dominance order, O, = L,<, Oy [CY, Thm. 18],
and §(p) is the codimension of Op in O,. IC, is normalized by IC, |0, = Q,[6(v)]. V) is the
Satake sheaf of Gr=*

m: Grs*XLYX — LX, [g,y] = gy, Vi *ICo = my(Vy KICy) ~ @IC n] @ Eyn(N),

the decomposition being input D2. Cfsf“ = Thicke, {Va *ICy: A € A;}

Function level. F' is F,((t)) or a p-adic field, p odd, with ring of integers O and residue field
Fy, K = G(OF), Hi = C.(K\G(F)/K) ~ C[A*]", A* = Hom(Ar,C>), Cx = CX(X(F))X,
»o = 1X((9F)v and

(SG)  Hx - o = Ck.
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A% = Hom(Ag,C*) < A*, y = y o ¢, with coordinates u = y(e1), v = y(eq); §(X)V? = ¢°1;
Wx = S3; and

r: CIATTY = CAS)™, r(N)(y) = F(@™ ), Ma= cwen "

Inputs.

(A):

DO:

D1:

D2:

D3:

D5:

Sakellaridis’s standing hypotheses [Sak, §1.7, §7, §8] for an Op-model of X at F, stated
on Proposition VI: F' of characteristic 0 and G split with simply connected derived group
(A1) ((Al,): the same with F' = F,((t))); an Op-model whose open B-orbit is smooth,
surjective and B-homogeneous over O, with eigenmeasures (A2); rank-one models over
Or (A3a), the Cartan decomposition (A3b) and Iwahori orbits (A3c) (Axioms 2.2.1,
2.4.1, 2.4.2); no maximal-rank pair (Y, a) of type N, L, classical, Statements 6.3.1 and
7.1.5 (A4); X homogeneous affine with X (F) one B(F)-orbit (A5). Status for Eg/Fj:
proved for the model My = (GZ/G%O) ® Opf of Proposition VII, 6y an involution of
type EIV defined over Z, p odd. Over every p-adic F all of them hold, (A3a) included
(Theorem 2.8; audited in Summary 6.9); over Fq((2)), (Al,), (A2), (A3a), (A3Db), (A3c),
(A5) and (A4) hold, except the analytic part of Statement 6.3.1 (Summary 3.12; audited
in Summary 5.13), and Theorem 8.0.2 holds by transfer from the totally ramified fields
Qq(p*/®) (Theorem 4.8; audited in Audit 5.6). The cited inputs are listed in Proposition
VII, Step 11.

Chen-Yi’s orbit geometry over F,, p # 2: Prop. 17, Thm. 18, the support bound
supp(Vy x ICy) C %, the stabilizer lemma. Caveat: Chen—Yi prove Prop. 17(i),
the orbit parametrization, by citing Gaitsgory—Nadler, Thm. 8.2.9, and Nadler (2004),
Thm. 4.2, which are over C (found independently by two agents of the run and confirmed
by its audit: Audit 3.1, Audit 4.3, Audit 5.7). For Eg/Fy the function-level parametriza-
tion K\ X (F,((%)) ~ A¢ is now proved directly (Theorem 3.8, Proposition 4.5).

Proper base change and Grothendieck—Lefschetz on convolution fibres.

The decomposition of V) % ICy into shifted IC, with constant coefficients [Sun, Thm. 1.2],
[CY, Prop. 70].

Lang’s theorem for LG and the stabilizers (used only in part (c)).

The comparison F, <> C of “IC,, is a summand of V) x ICy” (spreading out, [BBD, §6.1];
[BF, Prop. 5]).

2. STATEMENT

Proposition VIII. Let X = Eg/Fy as above.
(a) Functions fail. Letp be odd, let F' be Fy((t)) or a p-adic field, and let X = My; or let

F be p-adic and X any Op-model satisfying (A). Put y1 = (¢7°,q) and y2 = (¢7°,¢*)
in (u,v)-coordinates. Then gLy, and qPrys are W (Eg)-conjugate, y1 and ya are not
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Wx -conjugate, and
M3.0)(y1) = T+ +# g+ g+ = Mi3,0)(y2)-

Hence imr C {g : g(y1) = g(y2)} S C[As]®®, r is not onto, and (SG) fails, for
every q; more precisely, Cx needs exactly two generators (Proposition VII). For My
no hypothesis remains open: (A) is proved, and Theorem 8.0.2 holds over both fields
(Proposition VI).

(b) Sheaves hold. Over F,, p # 2, under DO-D2: for odd k put
pe = (3k,0), o =prtes=0Bk—1,2), A=t +f.

Then o(Ag) = ptl, {v : e < v < pj} = {pg, )}, codim = 8, both fibres Fj, = m™(x,)
and Fj, = m_l(az%) lie in Gr™*, F} = {t*}, and dim Fy > 7. Consequently 1C,, is a
direct summand of Vi, *1Co; with the mirror labels and the covered labels, every 1C,, is
a summand of a Satake object and Cf‘(at = Cx. Through D5 the same holds in the Betti
category over C.

(c) Why the levels split. Over Fy((t)), g odd, under DO-D3, C%at = Ck says that every
row of the multiplicity matriz is nonzero, while (SG) says that its columns span. For
Es/Fy every row is nonzero, by (b), and the columns do not span, by (a) over Fy((t)):
the first does not imply the second. Both halves now concern Fy((t)) and its geometric
counterpart over ﬁq.

3. PROOF OF (A): FUNCTIONS

Step 1 (Theorem E). Let X = My over Fy((t)) or a p-adic F', p odd, or let X be any model satis-
fying (A) at a p-adic F'. By [Sak, Thm. 8.0.2], and over Fy((t)) by Proposition VI (Theorem 4.8),
there is an isomorphism of H g-modules

Ok = CX)PA™Y, o 1

with Hx ~ C[A*]" acting through 7. So Hxo corresponds to imr, and (SG) holds if
and only if r is onto ([Sak, Cor. 8.0.4(1)] for «<). For symmetric X, L(X) = L, Ax ~ S,
Ax = (A7) = Ag [Sak, §2.1], and §(X), the modular character of LN B, gives §(X)"/? = ¢*¢r;
the two signs give intertwined maps, so surjectivity does not depend on the sign. Each class
of W has a representative w with wpr, = pr, so imr C C[Ag]"Vx.

Step 2 (the restriction map for Eg/Fy). The 12 positive roots of the black Dy give 2p;, =
6ao + 63 + 10ay + 65 and <,0L,oz}/>j:1,,6 =(-3,1,1,1,1,—-3). So & = ¢PLy satisfies

2% = ¢ %, 2% = ¢ 3, % =q (j=2,...,5).
Th . {1..5} o {2..6} .

e elements wy = wo(Dy " )wo(Dy) and we = wo(D5~ " )wo(Ds) fix pr, commute with ¢
and act by s1(a,b) = (—a,a+b), s¢(a,b) = (a+b, —b); on A%, s1(u,v) = (v, uv), se(u,v) =
(uv,v™1). So Wx = S3, the restricted root system is A with all multiplicities 8, and the target
is C[Ag]%?, generated as a ring by M1y, M3y, M(o,3), since (1,1),(3,0),(0,3) generate the
monoid A and MM, = M, .+ lower terms. Finally r(myy) = cs(q)M(1,1) + const with
s =q3+q¢?+q¢'+2+q¢+¢*>+ ¢, and o commutes with r; so r is onto if and only if
M(370) €imr.
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Step 3 (a glued pair of points). Write ¢* for the point x with z# = ¢ By Step 2,

¢"y1 = qM, Af =p— 9w — 3we = (—8,1,1,1,1,-2),
¢"rys =2, Ny =p— 9w = (-8,1,1,1,1,1)

in fundamental-weight coordinates. Reflecting at negative coordinates, the words (applied left
to right)

* . * .
)\1 © 515354525554535156555452535154535556, /\2 . 8158354525554535156555459253

carry both weights to the same dominant weight (1,1,1,0,1,1) = p — wy. So the two points
are W-conjugate, and every f € C[A*]" takes equal values there: g(y1) = g(y2) for g € imr.
In (log, u,log, v),

Wxy = {(_5’ 1)7 (_47 _1)7 (_17 5)7 (1’ 4)7 (4’ _5)’ (57 _4)}7
Wxys = {(_574)7 <_47 5)7 (_17 _4)7 (17 _5)7 (47 1)7 (57 _1)}7

which are disjoint. With Wx(3,0) = {(3,0),(=3,3), (0, —3)} and y(®) = 2a+b)/3;(a+20)/3
M) = u*v +u'v + u o2 takes the two values of (a), which differ for ¢ > 1. Hence
M3y ¢ imr and r is not onto; by Step 1, (SG) fails. Only the W-conjugacy of the integral
weights A], A is used, so this holds for every q. Moreover oy; € Wxys: the point y; is glued
to its o-image. Proposition VII strengthens this: imr is exactly {g : g(y1) = g(oy1)}, of
codimension one.

Step 4 (Sakellaridis’s hypotheses hold for the model). For the model My of Proposition VII,
p odd. The field and group (Al), (Al,) hold: Es is split and simply connected; F' is p-adic,
or F' = Fy((t)). The integral model (A2) holds: 6 is defined over Z, G%F is smooth with
connected fibres of type Fy, X is quasi-affine, and the open Borel orbit is Up x Ax, smooth
and surjective over O with one By _-orbit as special fibre. Rank-one models (A3a) hold over
every discrete valuation ring with 2 invertible: the 45 Borel orbits Bwxg are all of maximal
rank, and Y P, /R(P,) is PGL2\PGL2 (90 pairs) or Ba\PGLy = ]P’%QF (180 pairs) (Theorem 2.8;
audited in Summary 6.9). The Cartan decomposition (A3b), G(F) = K T(F)G?(F), holds
by Delorme-Sécherre with H'(F, Sping) = 1, and the ITwahori orbits (A3c) at every label; over
[F,((t)) both are reproved in characteristic p (Theorem 3.8, Audit 3.9). The spherical roots and
colours (A4) hold: the spherical roots v1 = 2w; — wg and 6 = —w; + 2wg have type G, no
maximal-rank pair has type N, each L, is of type Ds, and Statements 6.3.1 and 7.1.5 hold;
over F,((t)) all but the analytic part of Statement 6.3.1 is reproved (Summary 3.12), and the
transfer does not need that part. The single open orbit (A5) holds: for g = ul € BN GY with
weUp,l € By, 0(u) =ulfl)™ €¢Up-NP=1,s0 BNGY = B, N LY, a Borel subgroup of
LY = Sping, connected; hence H*(F,BN GY) = 1 and X (F) is one B(F)-orbit. Over Fq((2),
Theorem 8.0.2 holds by transfer from Qq(pl/ €), e > 0, where Q, is the unramified extension of
Qp with residue field F, (Lemma 4.2, Proposition 4.5, Proposition 4.6, Theorem 4.8; audited
in Audit 5.1, Audit 5.3, Objection 5.4, Audit 5.6). The cited inputs not re-proved are listed in
Proposition VII, Step 11.

Remark (the family H3(Ky)). The restricted root system A with multiplicity d occurs for
d=1,2,4,8; r is onto for d = 4 (SLg/Spg) and not onto for d = 8 (Eg/Fy).
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4. PROOF OF (B): SHEAVES

Step 5 (the standing inputs). Over F,, H1-H3 of Proposition I hold for Eg/Fy by DO: closures
by [CY, Thm. 18], finite-type models by [CY, Thm. 36|, connected stabilizers by [CY, Ex. 88],
i.e. Zgo(S) = Sping connected. D2 gives the decomposition with constant coefficients; D1
computes stalks by fibres.

Step 6 (labels). As N Y- Zsoa) = Zxoer @ Zxoep: €1 = 20y + oy + 2a3 + 2o + oy, and
p= %(1 —0) fixes Ag and sends chajv to Ge1+Feg. Sov < piff p—v € Zxpe1 +Z>oeq, and
e spans an edge: the interval [ug, pp] is {pg, 1) }. By [CY, Prop. 64] (LX connected as G is
simply connected; its proof is valid for p # 2), codimg -0, = (p,p—v),so0d(a,b) = 8(a+b) and

the codimension is (p, eg) = 8. The label Ay, is integral (its class ¢ +2 = w vanishes in Z/3),
dominant, p(\g) = (2¢x,2) = ), and dim Gr™* = (2p, \i) = 16(cy, + 1) = 8(3k + 1) = &(u},),
with ¢, = %

Step 7 (both fibres in the open cell). F, ~ {gLTG € Gr<* : g~la € LT X} is closed in Gr=s?*,
If such g lies in GrY’ with z € {a:uk,x%}, then = € L+Gt)‘”L+X, so by the support bound
e < (X)) < o(Ng) = pf. p(N') = i is impossible (uy is uncovered). If ¢(X’) = pj, and
N < A\, then k = M\ — N = 2?22 cja;-/ # 0, ¢; > 0, and dominance of X’ with (a;, A) =0
gives (aj,k) < 0 for j = 2.5, contradicting (x,x) = >_;¢j(a), k) > 0. So Fy, Fy, C Gr'k,
where Vi, = Q[6(11},)]; by proper base change, (Vy, * ICo), ~ RI(F,, Q,)[d(1},)]. No stalk of
IC(Gr=**) enters.

Step 8 (the covering fibre is a point). This replaces a dimension count in a congruence quotient,
which is wrong as written. 7' = (T%)° fixes every x,, since 7(sz,) = stts™1 = t#; so F} is
T'-stable. No root of Eg vanishes on T”: such a root is aw + bwg with 2(a? +ab+b%) = 3. So a
generic cocharacter n of 7" has Zg(n) = T, and its fixed points on Gr are the ¢ [Zhu, proof of
Lemma 5.3.7]. A fixed point t” of F} has v € W\, and (v) = p; then v — \;, € ker ¢, which
is orthogonal to A\, and |v| = |\g| force v = A\g. In a T-equivariant projective embedding with
linear action (lattice model of Gr<**, Pliicker coordinates), a non-fixed point has two distinct
limits under 7, both fixed, in its own component. Hence F} = {t**}, and E%’n()\k) = Qy for
n = 0, 0 otherwise.

Step 9 (the special fibre is large). Zy = Zgo(pux)° fixes @y, (7(hay,,) = ht**h=! = t#), hence
acts on Fy. Zg(ug) is the Levi D5 on nodes 2..6, and Lie Z = te@@aem 90 DDa g0y F(Xa+
0X,) has dimension 4 + 24 + 8 = 36: type By, Zp ~ Sping. The points t*LTG of F}, are the
v € WA, with p(v) = pg: exactly eight, with (pr,v) € {-3,-2,-1,0,0,1,2,3}. At each,
dim(Lie Zx N Lie P(—v)) = 4 + 18 + 7 = 29, where P(—v) is the stabilizer of t*LTG in G. So
dim 7, - tYLTG > 36 — 29 = 7 and dim F}, > 7.

Step 10 (detection lemma). Let P ~ P, , 1C,[-n] ® E,, (finite, constant coefficients) and
p < p' with (1) E,, = 0 unless v < p'5 (2) [, '] = {p, 1/'}; (3) Eyp = 0 for n # 0. Then
HI(Py,) ~ E, j 16y for j > —0(u). Indeed only v € {u, i’} have stalks at z, [CY, Thm. 18];
IC,[—n] contributes E,, ,, in degree n — 6(u); and H(IC,y), = 0 for j > —&(p) by the degree
bound deg P,.,» < 3(5(1') — 6(n) — 1) [CY, Cor. 14(ii)).

Step 11 (the uncovered label is a summand). Apply Step 10 to P = V), *ICq, pn = g, p' =
(1) is the support bound, (2) is Step 6, (3) is Step 8. By Step 7, for n > 0,

Epyn(N) = H' W08 (F) = H' ().
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Fy, is projective of dimension d > 7, so H?4(Fy) # 0 and E,, 2a-8 # 0, 2d — 8 > 6; also
Euo0= H8(F) #0. So IC,, is a direct summand of V), * ICy, a retract, and lies in C%at.
Step 12 (mirror labels, covered labels, generation). The labels (0,3k): rerun Steps 6-11 with
nodes 1 and 6 exchanged, A = wy + cxwy, Levi D5 on nodes 1..5; the numbers are identical
(eight fixed points over (0, 3k), one over (2,3k — 1), orbit bound 7). Transport by o would first
require normalizing o to preserve G?. Covered labels p = (\): the restriction of V) * ICq to
O,, is a nonzero sum of shifted constant sheaves and its support lies in O,, (Proposition III,
step 6 of the spherical workspace), so some E,,(\) # 0. Thus every IC, is a summand,
and Proposition I (summand criterion) gives C3** = Cx. Each summand statement involves
finite-type data defined over Z[1/2]; by D5 it holds over C for the corresponding label, and
Proposition I there gives C?’(at = Ck in the Betti category.

Step 13 (heuristic refinement, not used). This step is a conjecture; nothing else uses it. If
F}, = Q7, the quadric of isotropic lines of the 9-dimensional representation of Sping (x(Q7) = 8
matches the eight fixed points), then E,,, o = @Z in degrees —6,—4, ..., 6, Puk;u; =1, and the
graded trace is ¢ 7% + - - + ¢® = ¢s(g) — 1, matching the coefficient of M3 ¢y in (MY 4oy)-

5. PROOF OF (C): WHY THE LEVELS SPLIT

Step 14 (rows and columns). Over Fy((t)), ¢ odd, under DO-D3, put m,» = >_.(—1)* tr(Fr |
E, (X)), rows indexed by orbit labels v, columns by Satake labels A. By Proposition II (the
trace dictionary), K\X(F) = Af, the trIC, are unitriangular in the orbit indicators, tr(V) =
ICy) = tr(Vy) * o, and the tr Vy span Hx ® Qy; so the column span is Hx o @ Q,, and (SG)
over F,((%)) holds iff the columns span. By Proposition I, C3* = C iff every row of (E, «())) is
nonzero. At v = py, every column with £, o(A) # 0 has ¢(\) > pg, so no column supported in
{v < px} is nonzero at py: a nonzero row detects IC,, but produces no triangular generator,
and whether a combination of columns isolates u; depends on the values at the given g. For
FEs/Fy the columns do not span: (SG) fails over [Fy((t)) by (a), and the indicator of the orbit of
p1 = 3wy is not in the column span (Proposition VII(b)(4)). Step 3 kills the span by a Weyl
coincidence of shifted points that move with ¢; in [Sak, Ex. 8.0.1], where §(X) is trivial, they
do not.

Step 15 (one field). For My, p odd, every arrow of the chain is available:

Cre €2 Crp, —— Cr(Fgl(®) “EST O (Qup'/*) 5" imr,

For e > 0 the rings of integers of F,((t)) and Q,(p'/¢) agree modulo a high power of the uni-
formizer, and membership in Cartan and Iwasawa, cells is decided modulo a power independent
of the field (Lemma 4.2). So the Cartan decomposition and every structure constant of the
Hecke action on Cg agree over the two fields (Proposition 4.5, Proposition 4.6), and Theorem
8.0.2 over Q,(p'/¢) gives the H g-isomorphism over F,((t)) with ¢g + 1 (Theorem 4.8; audited
in Audit 5.1, Audit 5.3, Objection 5.4, Audit 5.6). This is the comparison of Cx between p-adic
and Laurent-series fields that was missing. The computation of 7 in Steps 2-3 does not depend
on the field, so (SG) fails over F,((¢)) and Ck needs exactly two generators there (Proposition
VII); in particular dim Homy, (Ck,C,) = 2 at the character of ¢°~**, which a cyclic module
cannot have [Sak, Cor. 8.0.4(2)]. A Hecke count on the Eg(Op)-orbits of {N = 1} C H3(0)
would be a second route; it is not needed.
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Step 16 (conclusion). By (a) and (b), the Eg/Fy row is a divergence over one field: C3&* = Cx
over F, p # 2, under D0-D2 (Betti via D5), while (SG) fails for My over F,((t)) and over every
p-adic field, p odd, where C'x needs exactly two generators (Proposition VII). The function half
has no open hypothesis, granted the cited inputs of Proposition VII, Step 11. By Proposition 11
no case of the reverse divergence occurs over F,((t)). O
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