PROPOSITION IV: THE AFFINE SPACE A™ UNDER GL,

Proposition I deduces C5# = C from the hypotheses H1-H5 on the orbits of LTG on LX. We
ask how far its proof reaches for X = A™ under G = GL,,, which is not a symmetric space and
for which H1(a) fails. The answer: the proof is a finite dévissage, and the finiteness it needs is
restored one finite level of LX at a time; on the pieces of a level, H2-H5 hold with the central
Satake objects alone, and these already generate.

1. SETTING

kE=C, F=k(t), O=E[t], val the t-adic valuation with val0 = co. G = GL,, acts on

column vectors; 1" is the diagonal torus and B the upper triangular Borel subgroup. Then
LX =F", LTX =0", LTG = GL,(0), Ty = €, ordv = minvalv; € ZU{oo}.
(2

X is smooth, affine and spherical, with open B-orbit B -e,, = {v, # 0}. The Hecke labels, the
central labels and the leading exponent are

AF={NeZ": N > >\ 1, m-1=(m,...,m), ©(A) = Ap, trzg = ey,

C = Shveons(LTG\LA™) is the category of Proposition I for this X; ICy = kpn, the constant
sheaf on L X; €5 = Thicke{Vy *ICo : A € AL}, with Vi = IC(Gr5") and A* F = my (AKX F)
along m: LG xL"G LX — LX. Constant objects are unshifted; a fixed shift does not change
thick spans.

Lemma 1.1 (Orbits). The LT G-orbits on F™ are the shells X, = {ordv = m} = t™(O™\tO"),
m € Z, and the point 0. The closure of a shell is a lattice:

X, = t"O" = |_| X, U{0}, 0X,, = t"tH o,

m/'>m

Proof. If ordv = 0, some v; € O, and the matrix with columns ey,...,€&;,...,€e,,v has
determinant +v;: it lies in LTG and sends e, to v, so LTG - e, = Xo. A nonzero v is ™
with m = ord v and v primitive, and LG preserves each t*O", hence ord; so LTG - v = X,,.
In tmO" /tM O™, M > m, the shell X,, is the preimage of the complement of the proper linear
subspace t"H1O" /tMO" | dense open; so X, is open and dense in the closed subset t™O™ of
LX. O

So H1(a) fails: every orbit closure contains infinitely many orbits and the closed orbit {0},
which has codimension (M — m)n — oo in t™O™. Moreover LT X = X is not an orbit, so
ICy = IC(Xp) is not a standard object; and the only closed finite unions of orbits are @ and
{0}, so H2 fails at {0}: the skyscraper d¢ is not in C. H1(b), H3 and H4 hold, and H5 holds at
every shell with A =m -1 (Steps 3-5 below), but no Satake object is supported on {0}.
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2. THE LEVEL FORM OF H1-Hb5
Levels. For N, M > 0 put
Yy = t—Non = X_n, YN,M = tiNOn/tMOn = A<N+M)n, TN,M: Yy — YN,M;

Gym =1+t TMM,(0) =ker (LG — InimG),  InimG = GL, (O,
Gn,m acts trivially on Yy a7, so the connected algebraic group Jy4aG acts on the vector
space Yn s and 7wy s is equivariant. A piece of level (N, M) is the preimage under my s
of a JyiaG-orbit; Py s is the set of pieces, ordered by P < P <= P’ C P; the tail is
Ty =tMO" = 7T]:71M(0). Pieces are L1 G-stable, locally closed, unions of orbits; the standard
of a piece is Ap :7aP!EP for ap: P — LX, and A,, := Ax,,. The finite-level category is

VM) = {TN*']T?V,MM : M e Sthons(JN+MG\YN,M)} ccC, C$7M) = cV:M) N Cw,
for ry: Yy — LX and W C LX stable and locally closed. The level hypotheses are H1-H5

with “orbit” read as “piece of a level” and “closed finite union of orbits” as “closed union of
pieces of one level”.

(L1) (a) For every level, #Pn v < 0o, each piece is LT G-stable and locally closed in Yy, and

(L2) For closed unions D C Z of pieces of one level and a piece P C Z: restriction f* and
extension by zero fi along D — Z, Z — LX, P < Z and their composites are defined, exact,
compatible with composition, and preserve the finite-level categories; fi = fi is right adjoint to

f* for closed f; and jij*M — M — i,i*M Ty when P is open in Z with complement D.

(L3) For every piece P of level (N, M), C;DN’M) has a bounded t-structure with heart Vectid,

(L4) x: H x C — C is defined and Vy x1Cy € C for all X\ € Af.

(L5) For every level (N, M) and piece P € Py there is A € AL with Vi xICy € VM),
supp(Vy * ICq) C P, and a’(Vy * ICo) ~ PN, kpld] in CE;.N’M), 0 < Np < 0.

When every orbit closure is a finite union of orbits, the closed finite unions of orbits serve as
levels, with the orbits as pieces, and (L1)—(L5) reduce to H1-H5.

Proposition I’ (level form). Assume (L1)—~(L5). Then C5** = C, and Map(Vy * 1Co, F) = 0
for all X implies F' =0 in C =IndC.

Proof. Fix a level (N, M). (i) Standard generation at the level: for every closed union Z of
pieces, C(ZN’M) = Thick{Ap_z : P C Z}. This is Step 1 of Proposition I with (L1)(a), (L2), (L3)
for H1(a), H2, H3: on one piece, truncation in the t-structure of (L3) builds every object from
kp by (T1); in Z, a maximal piece is open by (L1)(a), the triangle of (L2) leaves an object
on one piece fewer, and (T2) for j; and i, closes the induction on #{P C Z}. (ii) Induction
over the pieces: Ap € C% for every P, by induction on h(P) = #{P' < P}. Take X
from (L5) and A = V) xICy. The boundary part ip.ipA lies in Cg;’M) by (L2), hence in
Thick{Ap/ : P < P} C C5* by (i), (T2) and induction. The top part apia’A lies in C5 by
(L5)(a), the triangle of (L2) and (T1); by (L5)(b) it is @, Ap[ds] with Np > 1 summands,
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so Ap is a retract of an object of C52*. These are Steps 2-6 of Proposition I. (iii) By (i) and
(i), C(N-M) C ¢Sat: by (L1)(b), ¢ = JCWM) C €5, Detection is Step 7 of Proposition I,
unchanged. O

3. STATEMENT

Proposition IV (A" under GL,). Let X = A" under G = GL,, n > 1, with C, 1Cy, the
shells, levels and pieces as above.
(a) Hi(a) fails: X,, = L sm X U{0}. The orbit {0} is closed, of infinite codimension,
and has no standard object in C; Proposition I does not apply as stated.

(b) Given (L1)(b), the level hypotheses (L1)—~(L5) hold, and (L5) is witnessed on every piece
by a central label: m -1 at X, and M -1 at Ty

(c) Hence the central Satake objects, which are the constant sheaves on the lattices, already
generate, and the Satake objects detect zero in C:

C = Thicke{ Vi1 *ICo = kymon : m € Z} = €%,

Classical reading. For F' mnon-archimedean, Hy - ¢9g = Ck with the elements 1;mg alone:
1x,, = Lmon — Limt1on = (Lmg — Lymt1x) * 9o (F3, Theorem 3, Iwahori workspace).

4. PROOF

Step 1 (orbits; part (a)). Lemma 1.1. The skyscraper at 0 is supported on a set that is not
a union of pieces of any level, so under (L1)(b) it is not an object of C.

Step 2 ((L1)). For —N < m < M, X,, C Yy is a union of cosets of t™+10" D tMO",
so X,, = W&}MFN’M(Xm), and my v (Xp) is one Jy4arG-orbit, LG being transitive on X,.
Every shell with m > M and the point 0 map to 0 € Y s, fixed by Jy4 G, with preimage T;.
These preimages partition Yy, and by Lemma 1.1 X,,, N Yy = t™O" = U< e ar Xomr U Ty

’PN7M:{Xm:—N§m<M}|_|{TM}, Ty <Xy1<---<X_n, #PnN v = N+M+1.

This is (L1)(a). (L1)(b), that every object of C is pulled back from some Y}y ar, is the reading
of the draft’s colimit description of sheaves on the placid ind-scheme LX = ligqN Yy, YN =
@ o YN ar; it is assumed, as in Proposition IV.1 of the Iwahori workspace.

Step 3 ((L2), (L3)). Pieces of a level are preimages of the orbits of the connected algebraic
group Jy4aG on the vector space Yy ar. The equivariant derived category of Y as [BL] has
f*, fi along stable locally closed embeddings, exact and compatible with composition, with
fi = f« right adjoint to f* for closed f and the localization triangle [BBD, §1.4]; pullback
along the smooth equivariant surjection 7y ) commutes with them, so they preserve the
finite-level categories. This is (L2). For (L3): the stabilizer of 0 € Y as is Jy4+mG, connected.
The stabilizer of t"e, mod t¥, —N < m < M, is {g € GL,(O/t"+tM) : ge, = e, mod
tM=m1 " the preimage under reduction modulo ¢ of {g € GL,(k) : gen, = en} = GL,_1 X
k™! intersected with an affine-linear condition on the last column; the kernel of reduction is
connected unipotent, so the stabilizer is connected. The ordinary heart is Repid(m) Stab) =
Vectl,;d.

Step 4 (central Satake objects). t™1 = t™ is central in LG, so Grg™" = {t"LtG} is a
LtG on

point and V,,.1 its constant sheaf. The convolution space t™ LG x maps isomorphically
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onto the lattice t"™O™ by [t™g,v] — t"gv, with inverse w — [t"", ¢~ ™w]. Hence
Vm.]_ * ICO =~ Etm(gn, EtmOn S C(N7M) for — N S m S ]\47

the latter because t™O"/tM O™ is a Jy, ) G-stable linear subspace of Yy . This is (L4) for
the central labels; for all A the action is assumed to land in C, with the same status as H4 in
Proposition IIT (see Remark 3 for the support bound).

Step 5 ((L5)). At a shell piece X,,,, —N < m < M, take A = m - 1: by Step 4, V) xI1Cy =
Emon € C (N.M) is supported on X,, and restricts to k x,, on the open subset X,;: one summand,
no shift. At the tail, A = M -1 gives kp, , supported on T)s with restriction kp, . The leading
exponent is onto Z already on the central labels, ¢(m - 1) = m: the coverage condition of
Proposition III has a trivial analogue. With Steps 24 this is (b).

Step 6 (conclusion; part (c)). Proposition I’ gives C5 = C and detection. Explicitly, X,
is open in ™O" with closed complement ™ 10" and the localization triangle of (L2) for
Eymon reads

A — kymon — kpniion 5, 50 Apy € Thick{Vina * ICo, Vims1ya * ICo}

by (T1); the tail standard kr,, is itself a central Satake object. No retract is needed: the top
part is one copy of A,,. Every piece standard of every level lies in Thick{kmon : m € Z}, so
by (i) of Proposition I’ and (L1)(b) this thick span is C. O

5. REMARKS

1. The point 0. At level (N, M) it lies in the tail Ths, whose standard is the central Satake
object kr,,. Its skyscraper dg is not pulled back from any level, so it is not an object of
C: the orbit-by-orbit conclusion of Proposition I has no content at 0, and the level form
replaces it. For functions, local constancy at 0 plays the same role.

2. ICq is not a standard. L™X = Xj is not an orbit, and Ag = fib(ICy — V3 * ICy). For a
symmetric space LT X = Oy is a closed orbit and ICy = A.

3. Non-central labels. Every lattice L = ¢gO™ with g € LYGtN LT G, N < A, satisfies t' Q" C
L C t*O". Proper base change gives (V) * ICq), ~ RT({L € Gré)‘ :v € L}, Vy), hence
supp(Vy * ICp) C tO" = X\, with stalk IH*(Gré)‘) at every v € t"O". For n = 2
and Vy = kp1[1]: A = (0, —1) has support t 10?2 stalk k[1] on X_; and H*(P')[1] on O?;
A = (1,0) has support O?, stalk k[1] on Xy and H*(P')[1] on tO?. On X, the fibre is
nonempty and the argument of Proposition III, Step 6, applies verbatim to give a nonzero
stalk; this is not used above.

4. No involution. The two conditions of Proposition III, Z;e(S) connected and ¢(AF) = AZ,
are replaced by connected stabilizers (Step 3) and the surjectivity of the leading exponent
on the centre (Step 5), both immediate; the criterion itself, the Cartan embedding and
the support bound on Grg do not transfer.

5. Twahori level and functions. At Iwahori level the same levels have (N + M)n + 1 pieces,
the rays O, j, and the translates needed are all I-stable lattices A, ; (Proposition IV.1
of the Iwahori workspace); at spherical level only the lattices ™ O™ occur. For functions
both statements are F3, Theorem 3.

6. Scope. Transferred: the dévissage of Proposition I, (T1), (T2), detection. Replaced: orbits
by pieces of a level, closed finite unions of orbits by closed unions of pieces, H1 by (L1), the
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induction on h(u) by the chain of a level and the union over levels. Lost: the statement
at {0}, ICy = Ay, the criterion of Proposition III. Gained: generation by the centre ¢™,
m € 7, alone.
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