SPHERICAL GENERATION AT THE LEVEL OF FUNCTIONS

The classical analogue of the categorical statement C5?* = C: over a non-archimedean local
field, the basic function 1y (e) is asked to generate the spherical functions on X (F) over the
spherical Hecke algebra. A triangular criterion is the function-level form of Proposition I;
Sakellaridis’s theorem decides the question under hypotheses that are listed and assumed, not
verified; the two GL families are decided through their restriction maps; A™, M, and rank one
are done by hand. This is the former §3 of the project paper, extended.

1. SETTING

F' is a non-archimedean local field with ring of integers O, uniformizer w and residue field
[Fy, with char F' = 0 where a cited theorem needs it. G O B 2 T is split connected reductive
over O, and X is a spherical G-variety over O. Coeflicients are complex.

K:=G0), 8(X)=CXX(F), Cx:=8X)~,  Hg:=C(K\GF)/K), ¢o:==1xo) €Ck.

With the Haar measure of volume one on K, for f € Hg, ¢ € Ck and A € AJ, t = \Nw),

(frx@)@) = > floelgz), Th=1lgpg, GEF) = || KK
geG(F)/ K AEAT

Hy is an associative algebra with unit 1x and basis {7}, Ck is a unital left module, and
the Satake transform Sf(x) = fT(F) (5113/2(t)x(t) fU(F) f(tu) dudt is an isomorphism of algebras
Hy ~ C[A*]W, A* := Hom(Ap,C*) the dual torus, with S(Ty) = ¢*»Y2*4 lower monomials
(Cartier, §1.3-1.4, §4; Macdonald). In particular Hy is commutative.

Lemma A. (1) Every K-orbit in X (F) is compact, and 1x, € Cx when Kz is open. If
X = G/H is homogeneous, X (F) is a finite disjoint union of open G(F')-orbits, every
K-orbit is compact open, and {1k} xzex\ x(F) is a basis of Ck.

(2) For A € AS,

(T *x 0)(z) = #{9K C Kt'"K : z € gX(0)} € Zx, supp(Th *x ¢o) = K t*X(0),

a finite union of K-orbits when X (O) meets finitely many of them, in particular for
homogeneous X; and (T *x @o)(t zg) > 1 for zo € X(O).

Proof. (1) Kz is the image of the compact group K. For homogeneous X, X (F') is the disjoint
union of the G(F)-orbits of representatives of ker(H'(F, H) — H'(F,)), finitely many since
char F' = 0 (Borel-Serre); each orbit G(F)x ~ G(F)/G.(F) is open, the orbit map being a
submersion of p-adic manifolds, and Kz is the image of the open set K under the open map
G(F) — G(F)z. A K-invariant ¢ € S(X) is constant on each orbit and its compact support
meets finitely many of the open orbits. (2) (T *x ¢o)(z) = > ki Lx(0) (g7 1z), and
the term for gK is 1 iff € gX(0O); the support is Kt*K - X(0) = Kt*X(0O) since X (O) is
K-stable, and the coset t* K contributes 1 at t*zg. O
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2. THE STATEMENT AND A TRIANGULAR CRITERION

(SG)  Hk -wo = Ck;

for homogeneous X it says that every orbit indicator is a Hecke translate of ¢g.

Proposition B (triangular generation). Let Q be a set of compact open K-orbits in X (F') whose
indicators span Ck, with a partial order in which every lower set {v < u} is finite. Suppose
that for every p € Q there is f, € Hx with supp(fu *x o) C UVS“ O, and f, *K po # 0 on
O. Then (SG) holds. Conversely, under (SG) such f, exist for every order.

Proof. Induction on n(u) := {v < p}|. fu*Kx @o is K-invariant, hence f,, *x o = culo, +
ZK“ ¢y 1o, with ¢, # 0 and finitely many terms; the 1o, v < p, lie in Hg - ¢o by induction,
so 1p, does. For the converse take f, with f, *x w0 = 10, U

Corollary C (dominant lifts). Let X be homogeneous, with K\ X (F) indexed by A%, p+— O,,
and ordered with finite lower sets. If every u has A € Af with t*zg € O, and Kt*X(0) C
U,<, Ov, then (SG) holds, with f, = T.

Proof. Lemma A(2) and Proposition B. O

Finite lower sets are H1(a); a label A with t*zg € O, is a dominant lift of 4, the condition
@(A?) = A; of Proposition III; the support bound and the nonzero top value are the function-
level reading of H5. No implication between the levels is proved.

3. THE GROUP

Proposition D. X = H under G = H x H, (hy,he) - x = hlxhgl, K = Ky x Kig. Then
Ck = Hik,, vo = 1k, is the unit, Hx = Hi,, ®H§?H acts by (a ®b) - ¢ = a*xg ¢ *x b, and
(SG) holds.

Proof. axk 1k, *K b= a*k branges over Hg,,. In Corollary C: the orbits are the Kuyt'Kpy,
the lift of X is (), 0), and Kt*0) X (0) = Kyt*Kpg is a single orbit. O

4. SAKELLARIDIS’S THEOREM, WITH ITS HYPOTHESES

Sakellaridis, Spherical functions on spherical varieties, Amer. J. Math. 135 (2013), arXiv:0905.4244v3,
works under the following standing assumptions, (A1)—(A5), (§1.7, §7, §8 of loc. cit.), none of
which is verified here for any family.

(A1l): F a p-adic field; G reductive, split, with connected fibres over O and simply connected
derived group.

(A2): X a quasi-affine G-scheme over O with an open Bp-orbit X 7, whose complement of
the closure of the complement X is smooth and surjective over O with special fibre
homogeneous under By, ; X admits a G-eigenmeasure and X a B-invariant measure.

(A3): Axiom 2.2.1 (the rank-one quotients Y P, /R(P,) of the B-orbits Y of maximal rank are
PGL2\PGLo, SU\PGL2, T\PGL2 or N(T)\PGL2 over O); Axiom 2.4.1 (the X-anti-
dominant elements A} represent all K-orbits on X (F'), elements with distinct images
in A%} lying in distinct orbits); Axiom 2.4.2 (zJ C 2B(O) for z € A%, J the Iwahori
subgroup). Proved there at almost every place of a global field.
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(A4): No spherical root of type N; the Levi L, of each simple spherical root ~ classical;
Statement 6.3.1 for the simple spherical roots; Statement 7.1.5 for the set © of virtual
weighted colours, conjectured there for affine homogeneous X and checked case by case.

(A5): X = H\G homogeneous and affine, and X (F) a single B(F)-orbit; then K\ X (F) ~ A%
and A% C A"

Invariants (Sakellaridis—Venkatesh, §2.1, defined for any spherical variety over an algebraically

closed field of characteristic 0): Ax := L(X)/(L(X) N H) for the Levi L(X) of the parabolic

stabilizing X; Ay = X. (Ax) and A} the X-anti-dominant cocharacters; A% the dual torus,
mapped to A* by T' — Ax; Wx the little Weyl group; 6(X) the modular character of L(X)NB,

and §(X)'/2 A% C A* the translate with the transported Wx-action. For symmetric X = G/G?:

Ax ~ Sviat—t0(t)~1, AL = AL, and Wx = N¢(S)/Za(S).

Theorem E (Sakellaridis, Theorem 8.0.2, Corollary 8.0.4, Example 8.0.1). Assume (A1)—(A5).

(1) There is an isomorphism of H r-modules Cx =~ C[§(X)/2A%]"x sending ¢y to 1, where
Hye ~ C[A*]W acts through the restriction map r : C[A*]" — C[§(X)'/2 A% ]Wx.

(2) (SG) holds if and only if r is surjective.

(3) For X = SLg x SLg x SLa\Sp, x Spy (the first two factors as Spy in the two copies of
Spa, the third diagonal), r is not surjective and (SG) fails.

Proof. (1), (3) are Theorem 8.0.2 and Example 8.0.1 of loc. cit. (2): under (1), Hx - ¥o
corresponds to imr - 1; < is Corollary 8.0.4(1). O

Remark 4.1. (a) For the table of examples on p. 76 of loc. cit., Sakellaridis writes that the
groups are split and the centres chosen “so that the assumptions of Theorem 7.2.1 are satisfied”;
rows 1, 2, 12 are GL;,, X GL,\GLyy4n, Spa,\GLon, H\H x H. So (A4) is asserted there for
the GL families and the group; the spheres and Eg/F, are not in the table. (b) If the generic
B-stabilizer B, is connected, as the paper assumes, H'(F,B,) = 1 (its maximal torus is
split, being a subtorus of a B(F')-conjugate of T'; its unipotent radical is split), so X(F) =
(B/Bg)(F') is one B(F)-orbit and (A5) holds. For SLy/SO2 the generic stabilizer is {+1} and
X(F)/B(F) ~ F*/F*2 (Ab) fails.

Proposition F' (the two GL families). Assume (A1)—(A5) for X. Then r is surjective, hence
(SG) holds, for

(1) X = GL2y/SPoy: A% = {(¥1, 915+, Yn>¥n)} C (C*)?*, §(X)/2 moves each pair to
(" %y;, ¢ 2y;), Wx = S, permutes the pairs, and r(p1y) = (¢"/% + ¢~%/?) pop(y) for
Pk = 3,

(2) X = GL,/(GL, x GLy), p < q¢: A% = {(yl,...,yp,1,...,1,y;1,...,y1_1)}, 5(X)1/2
moves only the middle block, Wx = W(C,) acts by signed permutations of the y;, and
r(pe) = 2y + ;") + e, e € C

Moreover (SG) for SLa,,/Sp,,, follows from (SG) for GLa,,/Spy,,-

Proof. Root data. (1) 0(x) = (—x2,—x1,...,—Toy, —Top—1) on Ap and T — S = Ax is
(z;) = (z122, ..., T2n—1T2p), SO the characters pulled back from Ax are the (y1,91, .-, Yn,Yn);
L(X) = GL3, §(X) is |a/b| on each block diag(a,b); the restricted root system is A,_; and
Wx = S, permutes the pairs, so the shift is Wx-invariant and the transported action permutes
the y;. (2) 6 permutes coordinates by i <> n+ 1 —i (i < p); the pulled-back characters satisfy
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xof = x"1 L(X) = G2 x GLy—p, so §(X) is trivial on the y-coordinates and moves the middle
I’s to constants ¢\9) = ¢(@=Pt1)/2-J; the restricted root system is BC), or Cp, Wx = W(Cy).
Restricted power sums. Clat!]5N = C[2]5V [ey!] is generated by the p.g, k > 1, since ey =
enx(z71) is a polynomial in the p_j. Restricting: (1) pix = >;((¢"?y:)** + (g7 y:)**) =
(@2 + ¢ )pei(y); (2) pr = 2i(F +47") + 2, (U)E.
Generation. (1) Cly*']% is generated by the pix(y) and ¢*/2+¢ %/ £ 0. (2) Cly* V() =
Clz, - - -, zp]SP with z; = y; + 1y, ! (a Laurent polynomial invariant under every inversion is

k' — 2F4 lower terms), generated by P, = lzlk, and

a polynomial in the z;, as y* + y~
r(px) — ¢k = Px + (polynomial in Py,..., Pyx_s), so by induction on k every Py lies in im7.
SLa, from GLa,. Xqr(F) is the set of nondegenerate alternating forms on F2?" and
Xsp,(F) = {J : PfJ = 1}, a single SLg,(F)-orbit since Pf(g'.Jg) = detg - Pf.J (Kneser).
The K-orbits on Xgp,(F) are the elementary-divisor classes a = (ai,a1,...,an,a,) with
valPf = ) a;, and two forms of Pfaffian 1 in one class are conjugate under SLs,(O); so
Ck(Xsp) ~ Ck(XgL)o, the span of the classes of Pfaffian valuation 0, with ¢ — ¢o. Grading
HK(GLQn) = @m Hm by val det, Hm'CK(XGL)m’ g CK(XGL)m+m’ and 7’[0 >~ HK(SLQn) com-
patibly with the actions, because Kt*K N SLy,(F) = Ks ,t*"Kgr, for Y. \; = 0. The degree-0
part of HK(GLQTL) “ Qo = CK(XGL) is (SG) for Xgr,. ]

5. NOT HOMOGENEOUS: A™ AND M,

Proposition G. X = A™ under GL,,. The K-orbits on F™ are the shells X,,, = {v: ordv = m},
ord v := min; valv;, and 0; 1omg *x @9 = lgmen and 1x, = 1omon — 1m+10n. Hence (SG)
holds with the central elements 1.m g alone.

Proof. K is transitive on the vectors of a given order; w™K is a single coset, so (lomp *x
©0)(v) = @o(ww™™v); a K-invariant ¢ € S(X) is supported in some =N O" and constant on
some @V O™, 50 ¢ = clonon + Y. Nemen Cmlx,,. The lower sets are infinite and {0} is
not open: Proposition B does not apply, and differences of central translates replace it (the
function-level form of Proposition IV). O

Proposition H. X = M, under GL,, X GL,, (91,92) -* = glxggl, w0 = 1pr,(0); the K-orbits
are the elementary-divisor classes a = (a1 < -+ < ay), a; € ZU {o0}.

(1) Every nonsingular orbit indicator 1xax lies in Hg - ¢o.

(2) For n =2, (SG) holds.

(3) For n > 3 the span near the singular locus is not settled here.
Proof. (1) Hix = Hi, @ Hy acts by a x o b= (ab) * ¢ on the bi-K,-invariant restriction
to GLy,(F'), which determines a locally constant function on M, (F'). Extending S termwise to
bi- K,-invariant functions supported in some @ =" M,,(O) keeps it multiplicative and injective.
For t = diag(w™, ..., @), tu € M,(O) iff a > 0 and u;; € w0 (i < j), of volume [, _; ¢,
and 5]15/2(25) =q Zi<j(“i_“j)/2, SO

n

S(eolaL, ) = Y g @ity =TT (1 - gD/,

a€Z, i=1

(Tamagawa; Godement—Jacquet). With f := S~ (S(1ger) [[;(1 — q(”_l)/Qﬂfi)) € Hg,, we get
f*x@o = liag on GL,(F), hence on M,(F). (2) A K-invariant ¢ € S(Mz) supported in
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w N Ms(O) and constant on cosets of @™ My(0O) is, after subtracting the nonsingular orbit
indicators with az < N, of the form > .y ¢s1i4=s an>N) T ¢ lonag o), and {a1 = s, ag >
N} = (@*My(O) \ w* 1 My(0)) \ {a1 = s, az < N} is a difference of central translates minus
finitely many nonsingular orbits. O

6. RANK ONE ON THE TREE, AND G,,

Proposition J. T C GLg the diagonal torus.

(1) X = GLy/T: K\X(F) = {d > 0}, d the distance of a vertex of the tree from the
apartment of T, and (SG) holds.

(2) X =SLy/T, q odd: (SG) fails.

(3) X = GLy/Spy = Gu: K\X(F) = F*/O* and (SG) holds.

Proof. (1) X (F) = GLo(F)/T(F) by Hilbert 90, and K\X (F) = T(F)\GL2(F)/K is the set
of T(F)-orbits on the lattices in F2, i.e. of T(F)-orbits on the vertices of the tree of PGLo(F).
T(F) translates the apartment A7, and T'(O) fixes it pointwise and is transitive on the vertices
at distance d > 1 above a given vertex of Ar (the [z : 1], x € (O/w?)*, by = + ujuy'x). So
K\X(F) = {d >0} and ¢o = 114—0}- T1 := 1gdiag(w,1)k 1S the adjacency operator of the tree,
S0

Tilgpy = 2140y + 11y, T11gy = (g—1) 110y +1ggy, Tilggy =qlyg1y+1g4ny (d > 2),

and by induction 144 € C[T1] - wo; the central 1,k acts trivially. This is the case p = ¢ =1
of Proposition F.

(2) X(F) = SLa(F)/T(F), X(O) = K - x9, xg = €I. Let v € O* be a non-square unit,
s = diag(u, 1), and o : gT + sgs 'T. Since s normalizes K, T and every Kt*K and fixes
xo, every element of H - o is o-invariant. For vala = —1, the K-orbits of y = (} )T and

o(y) = (§ %) T are distinct: k(}¥)diag(a,a™) = (} %) forces k = (“61 mfl(zaz_l)), in K

only if a € O* and ua® = 1 mod w@. So 1y, & Hk - o. Here (A5) fails.
(3) det K = O, and T *x @o = |[Kt*K/K| - 1_x,+x,0x, which span C.(Z). O
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7. STATUS

X (SG) reason
H under H x H holds ©o is the unit (D)
A" under GL,, holds central translates (G)

M, under GL,, x GL,,
GL2/Spy ~ Gy,
GLo/T, PGLy/T
SLo/T, q odd
GL,/(GL, x GLg)
GL2y/Spon, SLan/Spay,
Spiny,, /Spin,,,_;
E¢/Fy

GL,,/O,, PGL2 /POy
SL3\Spi

n = 2 holds; n > 3 open

holds

holds

fails

holds under (A1)-(A5)

holds under (A1)—(A5) for GLa,,/Sps,

n = 2 holds; n = 3 under (A1)—(A5); n > 4 open
open

fails

fails

L-factor, central translates (H)
K\X(F) = F*/O* (J)
adjacency operator of the tree (J)
square classes; (A5) fails (J)

r onto (F)

r onto; degree-0 part (F)

SLg; SL4/Spy; 7 not computed
not in Sakellaridis’s table

several G(F)-orbits on X (F')

r not onto (E(3))
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