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Introduction

This note comes in four parts, modulo the appendices. The aim is to complement and explain the background
material for [Yual9, 6]. The first part explains the theory of semi-orthogonal decompositions, [Lure, 7.2.1],
applied to obtain (p)-completion of spectra. This will give us the formal properties needed. We also review
some higher algebra from [Lurb, 7] necessary for proving properties of p-adic thickenings. The second part
recollects the proper Tate construction, defining Fj-stable and p perfect Eo-rings. All examples given are
p-perfect. The third part explains the integral action. The proof is rather formal, utilizing result from
[Lurb, 4]. The last part explores a particular class of Fj,-stable rings, the spherical Witt vectors. I would like
to thank Allen, Harry, Marc and Peter; and special thanks to Denis for explaining the Segal conjecture.
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1 (p)-completion

In this section, we clarify our basic objects of interest.

We apply the formalism in [Lurc, 7.3]. The general set up consists of
e C a stable R-linear co-category.

e R a connective Es-ring.

In particular, a stable R-linear category induces a map
LModg xC - C

We will take C =Sp,R=S, I = (p) S 7S ~ Z.

Lemma 1.1. [Lurc, 7.3.1.4] We have a semi-orthogonal decomposition, reviewed in 1.1, on Sp
(Sploc(p) 7 Sp(p))

In particular, Sp(p) — Sp has a left adjoint. We call Sp(p) the oo-category of (p)-complete spectra.

Lemma 1.2. We have the adjunction”, by [Lurc, 7.3.5.2],
Sp®) LMods ~ Sp (1)

where the left adjoint induces a symmetric monoidal structure on Sp® * sending M to its (p)-completion My

Remark 1.3. The tensor product on Sp(p ) is distinct from that in Sp and we denoted by ®. Concretely,
M®N ~ (M ®N) -

Definition 1.4. We define the image of S under 1 to be S, the (p)-complete sphere.

Definition 1.5. We define the co-category of (p)-complete Eo,-rings as the pullback

CAlg® —— CAlg

L]

Sp(p) — 5 Sp
Corollary 1.6. We have an adjunction induced from 1,
)y
CAlg(Sp'?’) CAlg

This restricts to an equivalence
CAlg(Sp®) < cAlg® (2)

IThere are categories with left actions by LModg. See [Lurc, D.1.5].
2 All adjunctions follow the Grothendieck convention, i.e. left adjoint on top
3Hence, the map itself is symmetric monoidal.
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Proof. The induced adjunction is a corollary of [Lurb, 7.2.3.13]. To prove second equivalence, recall that
E.-objects of a symmetric monoidal category C® — Fin, are sections preserving lifts of inert morphism,
[Lurb, 2.1.2.7]. We are reduced to the equivalent problem: given a commuting diagram

F

Fin, RN Sp(p)’® — Sp®

L

Fin,

show that F factors through (Sp®, &) iff F[1] € Sp®, where [1] € Fin,. This follows as Sp'?) is a full
subcategory and F' is fully determined by its image at [1]. O

1.1 Semi-orthogonal decomposition and Bousefield localization

Let us elaborate the notion of semi-orthogonal decomposition in stable categories, following [Lurc, 7.2.1].

Definition 1.7. [Lurc, 7.2.1.1] Let C be a stable category. A pair (C.,C-) of full subcategories is a
semi-orthogonal decomposition if

1. C4,C- are closed under finite limits and colimits, hence, stable.
2. For all Cy €C,,C_eC_, Map,(C, D) =~ x.
3. For all C €C, there exists a (co)fiber sequence
C,—-C-C.
where C, € C,.,C_€eC_.

Remark 1.8. There can be potential naming confusion with the use of (local, complete) decompositions in
[Lure, 7.2.3] which corresponds to (acyclic,local) decomposition at a spectrum F in Sp.

Construction 1.9. Let E € Sp. A spectrum X is E-acyclic if
X®E=~0

The collection Cg of E-acyclic spectra is stable under shifts and colimits. By [Lurc, 7.2.1.4], we obtain a
semi-orthogonal decomposition (Cg,Cz) on Sp. The counit and unit of inclusions respectively, induces a
functorial cofiber sequence

GgX->X->LgX

where GgX is F-acyclic and LgX is E-local. *

Remark 1.10. The functor Lg : Sp — Cy, is classically referred to as the Bousefiled localization at E. The
cofiber sequence also recovers the more familiar characterization of a localization X - L X:

e The spectrum LgX is E-local.

e X » LpX is an F-equivalence.

4We omitted writing the inclusion map.
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Example 1.11. Let E be the discrete Fo.-ring spectrum Q. Note that as Q is flat over Z in ordinary rings,
and that 7S is finite’, from 1.3, Q is flat over S as Eo-rings. Hence by 1.18, a spectrum X is E-acyclc iff

T(X®Q)»mXeQ~0
i.e. m,X is no torsion free elements.
Definition 1.12. Some terminology in the literature.

e The Moore spectrum with Z/p coefficients is the cofiber in Sp,
s&s-s/p

e Taking F =S/p in 1.9, we say that a spectrum X is (p)-complete if it is (p)-local in the context of 1.9.
We say it is an p-adic equivalence if it is an S/p-equivalence.

1.2 Characterization for (z)-completion

We recall a useful description of the completion functor, [Lure, 7.3.2]. As a corollary, we see that localization
respects t-structure.

Proposition 1.13. [Lurc, 7.3.2.1] Let R be an Eq-ring. Let C be a stable R-linear oo-category and let x € moR
be an element. For any object C € C, let T(C) denote the limit of the tower

nHCHCSC
The (z)-completion of C' can be identified with the cofiber of the canonical map 0 :T(C) — C.
Proof. By [Lurc, 7.3.1.4], it suffices to show have a fiber seqence
T(C) - C — cofib(0)
A standard trick is to note that cofib(6) is given by X fib(), from the diagram

fib() —— T(C) ——— 0

I~

0 > C » cofib(0)

The only unproven step in the proof is that T'(C) is (x)-local. Again, [Lurc, 7.2.4.4] shows that we have a
seminorthogonal deocmposition,
(Cnil(x)’ Cloc(m))
Let D e C"(®) By definition, D[z™'] ~ 0.
~ 13 ~ . ~ -1 ~
Mape (D, T(C)) = lim Mape (D, C) ~ Map (lim D, C) ~ Mape (D[z7],C) ~
where in the second to last line equivalence we realized D[x~!] as the colimit in C, [Lurb, 7.2.3],
DL DL ..

T(C) is thus (z)-local, from the semi-orthogonal decomposition. O

5Using Serre and Freudenthal’s theorem
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Corollary 1.14. [Lurc, 7.3.2.2] Under same conditions as 1.13, an object C € C is (z) complete iff T'(C) ~ 0.
Corollary 1.15. [Lurc, 7.3.2.4] When C = LModg. Let R be an Eo-ring, x € moR, M € (LModg)so. Then
M(x)AE (LMOdR)Zo.

Theorem 1.16. [Lurc, 7.3.6.9] Let R be a Noetherian Eo-ring, and let I € mgR be an ideal. Then the
completion of R; is flat over R.

1.3 Review of flatness and finiteness

We will be using various notion of finiteness and flatness. We recall the basic definitions here. For our purpose,
in the statements below, we will be working with Noetherian Eg-ring, for k > 2.

Definition 1.17. [Lurb, 7.2.2.10] Let M be a left module over E;-ring R. M is flat iff

e moM is flat over moR in usual sense.

o For each neZ, m,R®r,r moM 5 T M.
As a consequence of the Tor-spectral sequence
Proposition 1.18. [Lurb, 7.2.2.13] For each n € Z,

Tor**(n, M, moR) = 70,(M @ N)

s an isomorphism of abelian groups.
As a consequence, we obtain Lazard’s characterization for module over connective Eo-ring.

Theorem 1.19. [Lurb, 7.2.2.15] Let R be a connective Eo-ring, and let N be a connective left A-module.
The following are equivalent

1. The left R-module N can be obtained as a filtered colimit of projective left A-module.
2. The left R-module N is flat.

3. If M is a discrete right R-module, then M ®r N.

Example 1.20. S;®F, ~[F,. More generally, as ® commutes with colimits, (@S,) ® F, ~ @F,,.

Proof. As Sy over S, 1.16, by Lazard’s theorem 1.19, their tensor is discrete. We also know that S, is
connective, so by 5.14,
7T()(S;,f® Fp) ® Fp ~ Z(p) ® Fp ~ Fp

The latter follows by tensoring Z,) along the ses
757 -F,
O

Definition 1.21. Let R be an E;-ring. Ll\/Iod%erf the category of perfect R-modules, be the smallest stable
subcategory containing R and closed under retracts.



1.3 Review of flatness and finiteness 6

The are various characterizations of perfect R-modules, [Lurb, 7.2.4.2]. They are the compact objects in
LModg.

Example 1.22. Let R =S, then S is perfect S-module, being compact.

Example 1.23. HZ is not a perfect S-module.

Definition 1.24. Let R be a connective Ej-ring for 2 < k < co. It is Notherian if
e it is left coherent as an Eq-ring, i.e.

1. moR is left coherent ring.°

2. For each n > 0, the homotopy groups 7, R is f.p. left module over myR.
e 1R is Noetherian.
Remark 1.25. For an E-ring R, k < 2 < o0, MR is a commutative Z-algebra, [Lurb, 7.1.3].
Example 1.26. S is a Noetherian ring in LModg ~ Sp.
Example 1.27. S, is a Noetherian ring.
Proof. We have the following facts from classical theory
® Zp) is flat over Z.
e Z(y is Noetherian. '

Result follows as flatness is determined by base change of the nth homotopy group base ring. O

In the setting of Noetherian modules, we have a nice characterization of almost perfect modules.

Proposition 1.28. [Lurb, 7.2.4.17] Let R be a Noetherian ring. Then M is almost perfect iff
o M is bdd below.

e For allm, m,,M is f.p. as a moR module.

6Every finitely generated left ideal is finitely presented.
"It is a DVR.
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2 F), stable E,-rings
Definition 2.1. The proper Tate construction for G. For a finite group G, let
(=) :5p¢ - Sp
E~ E™¢:= 3% (5X)

where (8 is the Borelification map (unit) from the adjunction
Fun(BG,Sp) & sp©

Remark 2.2. The proper Tate construction is exact and is lax monoidal.
Proof. This properties are inhertied from 3 and ®. O
Construction 2.3. [Yual9, 3.9] For a G - K a surj. of finite groups, A € CAlg, a map
can$ : ATK - A7¢
Example 2.4. If K = x,G = C, we recover the standard canonical map.
In Peter’s talk.

Theorem 2.5. [Yual9, 3.13] Let Q := h Fun(surj,inj, fin). There is an oplax monoidal functor
©: 9 — End(CAlg, CAlg)
It satisfies:
e Sends G € Q to (-)7¢ : CAlg - CAlg.
o Aleft (K« G—G@G)in Qin Q is sent to
canf : (=)™ = (=)7¢
e A right morphism (H < H = G) in Q is sent to
S () ()
Remark 2.6. The left, right, morphisms form a factorization of Q.

Example 2.7. These maps recover the classical maps.

Definition 2.8. A spectrum X is F,-stable if X is p-complete and for every finite dimensional F, vector
space V', the canonical map,
can” : X - X7V

is an equivalence.®

Definition 2.9. CAIg;D denotes the full subcategory of CAlg spanned by F-rings whose underlying spectrum
is F)-stable.

8T.e. we are really inverting the equivalences see 2.14.
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Example 2.10. Adams-Gunawardena-Miller. S, is Fj-stable.

Example 2.11. A non example. As 7C, = tC),, F, is not F), stable. Since I, is discrete by IE‘ZC” has
nontrivial homotopy group in every degree.

Proposition 2.12. Fj,-stable spectra are closed under finite colimits.

Proof. The proper Tate construction is given by ®“3X. § is an exact functor, and ®¢ is exact too, by its
definition. O

Corollary 2.13. Any spectrum which is finite over p-complete sphere is also F),-stable.

Corollary 2.14. O restricts to a functor
©: Q Vecty, — Fun(CAlg,, CAlg)
which induces an E;-monoidal morphism,
BKP'F, - Fun(CAlg), ,CAlg))

Proof. Step I. The map induced is in fact monoidal.The first proposition follows by definition: by definition
(-)7V fixes the F, stable rings. With the oplax structure

(_)TUGBV N (_)TV ° (_)TU
induces pointwise a commuting square

A canv ATV

lcanUeV l(canU)TV

AT(U@V) (ATU)TV

As A is F), stable, the outer maps are equivalences, hence the bottom map is too. This implies ©,, is monoidal
rather than oplax monoidal.

Step II. Localize.  Little lemma:[Yual9, 6.2]. For any surjection V = W of surjection canI‘,/V is also an
equivalence:

XTW
caV &W
\%4
X “en > X

Hence by combining [Yual9, 4.24.1, 8], and abstract nonsen [Lurb, 4.1.7.4] we obtain
BEK"™(F,) ~ QVecty, [£™'] > End(CAlg})

2.1 p-perfect F,-rings
Definition 2.15. A € CAlg is p-perfect if A is F}, stable and the Frobenius map
Q: A N AtCP

is an equivalence. We let CAlggerf denote this category.
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In Martin’s talk we have proven:

Proposition 2.16. [Yual9, 6.11] If A« CA]gS”f for all fd vs V, the Frobenius map
oV A AT

18 an equivalence.

Example 2.17. S, This is a consequence of Lin’s theorem.

Example 2.18. Let A ¢ CAlggCrf and X a finite space. Then AX is p-perfect. This follows from formal

properties: where we can reduce the case to X = *.
Example 2.19. Let R be a discrete perfect F,, algebra. Then W*(R) is p-perfect.
Once we have established the integral action in Fj-stable case, we obtain

Corollary 2.20. The monoidal functor

BZso — End(CAlgh®™)

P

factors through S*.
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3 Integral Action

Appendix A contains the background material for this section. Let us recall our aim. Let A be an ordinary
additive category. Classically”’, to define a monoidal functor

®: BZy9 — Fun(A4,.A)
of monoidal categories is equivalent to define a map of commutative monoids
Zso - End(id4)

In fact, it is sufficient to exhibit a map of monoids. This is because commutative monoids form a full subcat-
egory of monoids, making commutative a property. Theorem A classically, is thus simple with A = CAlg]gp,
discrete I, algebras. The difference in the oco-setting is that to exhibit we have to exhibit a map of Ex-spaces,
and this contains structure.

In Denis’ talk.
Theorem 3.1. The natural map KP**(F,) —» moKP**(Fp) ~ Zsg is an isomorphism in [F,-homology.
Theorem 3.2. Theorem A. There is a map of E;-monoidal categories

BZso - Fun(CAlgg, CAlgfj)

ne " id —>id
Proof. By 2.14 we a morphism in Algy (Cat),
BKP™"'F, - Fun(CAlg, ,CAlg))

As the truncation functor S - S¢o is symmetric monoidal, we obtain a morphism in Algg_(S),

KpartIFp - WOKPMtFp ~ 7>

In particular, this is a morphism in Algg, (S). Applying the functor
Algg, (S) % Algg, (Catoo) (3)
The claim is that we may find a lift to the follow diagram

BKP(F,) —— Fun(CAlg”, CAlg")

BZso ~

Step I. Reducing to a problem of Ey-space. Now we apply the adjunction 3, This is equivalent to providing a
lift
Kpal't(Fp) —_— End(idCA]gF)

9which I mean ordinary category theory
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or an equivalence

MapAlg]EZ (S) (Zso, End(idCAlgg ) - MalDAlgE2 (S) (Kpart (Fp), End(idCAlgg ) (4)

Step Ia. Reduce to a problem in S via monadic adjunction. Hence, of (p)-completion. In 5.7, an Ey space
X, is equivalent |Barr (T, X )| with T being induced from monadic adjunction

U: Algg (S) > S

This is the classical resolution for a topological monoid. For any other Es-space Y, Map Alg, (X,)Y) is a
2

geometric realization of
@MapAlgE,z (S) (Tan Y) = @MapS((X)na Y)

n n

As F, homology isomoprhism commutes with products, we reduce to showing End(id AlgF) is (p)-complete
D
space.

Step II. Reduction of End(idCAlgp) to mapping space in spectra By the oo-version of end formula, 5.11,
P
End(idgpjer) may be written as limit of spaces
P

lim Mapg ajgr (4, B) = lim Mapc a4 (4, B)

where A, B are (p)-complete Eq-rings. The equivalence follows from 1.5, i.e. that (p)-complete rings form a
full subcategory. As previously, we can reduce a problem of mapping space of algebras to a limit of underlying
spectra, i.e.

Ma‘pCAlg(A7 B) = @MapSp (A®n7 Y)

Step III. Proving mapping space is p-complete. We show: for any spectra A, and p-complete spectra B,
Q= mapg, (A, B ) is p-complete. Result then follows as p-complete spaces are closed under limits.

Let X - Y be a p equivalence in spaces. Then it suffices to show equivalence,
Map (Y, Q% mapg, (A4, B)) —— Mapgs(X, Q% mapg,(4, B))
By adjunction, we may rewrite the LHS as
Mapg (Y, 2 mapg, (4, B)) = Mapg, (S5°Y; maps, (4 ® B)) ~ Mapg, (S7Y 4, B)

and similarly for the the RHS. By 5.17, ¥°X — ¥%°Y is a p-adic equivalence. Thus, by definition of B being
p-complete, result follows. O

Remark 3.3. There is also a variant of this theorem for global algebra, [Yual9, 6.9].
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4 Spherical Witt Vectors

Appendix B contains the background materials for this section. In this section, we first review the theory
of Witt vectors in the spectral setting, following [Lurd, 5.2]. This is a generlization of the theory of p-adic
thickenings. A nice summary of classical references is in [Sch11, 5.11,13].

Definition 4.1. [Lurd, 5.2.1] Let A e CAlg,,. I cmy(A) af.g. ideal, Ag:=mo(A)/I. Given a commutative
diagram o in CAlg,,,

A—L B

o

Ay~ B,

o exhibits f as an A-thickening of folf the following conditions are satisfied
1. The Eo-ring B is I-complete.
2. The diagram o induces an isomoprhism of commtuative rings woB/ImgB with By.

3. Let Re (CAlgy 0)r, Then

MapCAlgA (B, R) ~ HOHICAngO (B(), 7T0(R)/I770(R))

There is a very general existence result for thickenings, [Lurd, 5.2.5]. This is a problem of checking finiteness
condition on Ayg. When A is Noetherian, by 1.28, conditions are trivially satisfied.

Theorem 4.2. [Lurd, 5.2.5] Let A be a Noetherian Eo-ring, with I ¢ myA a f.g. ideal such that Ag :=
moA/I ~F,. Let A ELN By be any discrete perfect F,, algebra. Then there exists a diagram

B
L

—— B

f

A

S
(=}

which exhibits f as an A-thickening of fy. Moreover, the square is a pushout.

Proposition 4.3. [Lurd, 5.2.11] In 4.2, if A is p-complete, Ay and By are Noetherian and that fo: Ag — By
1s flat, then f: A — B is flat.

Corollary 4.4. In 4.2, B is a flat A-algebra.
Proof. Compostion of flat morphisms is flat. The morphism A, — B is flat by 4.3, and A - A, by 1.16. O

The handiness of flatness comes when classifying the lift.

Case study 4.5. We will take our By to be any perfect [F,, algebra.
(X) A=7Z,1=pZ, and its p-adic counterpart, A = Z,y, I = pZ).
(Y) A=S, I=pZ, and its p-adic counterpart, A =Sy, I = pZ).
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e By universal property of completion, whether we lift by the p-completion version, we obtain the same
result.

e In case (X), the p-adick thickening W (By) is a flat Z-algebras, in particular, discrete. By 4.2,

1. W(By) is a discrete Eq-ring which is (p)-complete.
2. moW (Bo)/pmoW (Bo) ~ Bo.
3. For any p-complete E., connective Z-algebra R,

Mapgag, (W(Bo), R) ~ MapCAlgB?p (Bo, moR[pmoR)
When we plug in discrete R algebras in 3. we recover ring of Witt vectors.

e In case (Y'), the lifts are flat S-algebra, W*(Bj). We call such unique lifts W*(By) the Spherical Witt
vectors of By. Enjoying similarl universal properties.

e We have 7S - moW™* By exhibiting a lift of (X). So mW*By ~ W (By).
Example 4.6. W (F,) ~ Z,) and W*(F,) ~S,.
Corollary 4.7. Let By be a discrete perfect Fp-algebra, then W (By) can be exhibited as a p-completion of
DSy
Proof. Firstly, we have the equivalence,
MapCAlgpA(@ Sp)p, W (Bo)) = Mapcmg(@ Sp, W*(Bo))
= [[Mapca, (S, W (Bo))
=[] Mapcmg;p (Fp, Bo)
We remark in order for each equivalence
e First one is by universal property of p-completion.
e Second is by universal property of coproduct.
e Third one is by universal property of S, ~ W*(F,).
In otherwords, we can exhibit an equivalence by choosing basis of By. O
Our goal is to prove the following.
Theorem 4.8. [Yual9, 6.6] Let R be a discrete perfect F,-algebra. Then spectrum W™ (R) is Fj-stable.

Proof. We will establish that (1) is a p-completion and (2) is an equivalence in the following diagram

DSy —— (BSy), =W (R)

T

= ((@SPA)pA)TV (5)
(2)
A 1 ~
oS, —— (@87
Since equivalence of p-complete objects can be checked by applying — ® S/p, result follows.

The proof strategy is to first prove 4.11 holds for 7 replaced by ¢, in 5. O
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4.1 Proof of Tate version

This follows from two steps. We will need the following special case of Segal’s conjecture.

Theorem 4.9. Segal’s conjecture at S. Suppose G is a p-group. We have a p-adic equivalence
@ (EOO(SO)H)hWH i) (EooSO)tV
(H)#e
where
e S¥ has trivial G-action.

e The genuine H-fixed points of a space is the restriction functor induced from the inclusion of the full
subcategory spanned by G/H in Og¢.
BWGH > OG

This induces a functor
Fun(OF,S.) - Fun(BWqH, S.)

We note that the lhs can be equivalent written as

P (2°S°) e BWeH~ @ XBWeH
(H)#e (H)#e

Corollary 4.10. The homotopy groups of (S/p)tV are finite.
Proof. Step I. Reducing the problem via Segal’s conjecture.As smashing with S/p commutes with Tate map,

(S/p)?V =SV ®Slp= @ STBWH ®S/p
(H)e

By Segal’s conjecture. As there are only finitely many terms on the rhs, it suffices to show for all G
YPBG®S/p
has finite homotopy groups.
Step II. Computing the homotopy groups. We apply the Atiyah Hirzebruch spectrall sequence (AHSS)
EZ, = H(X,m(E)) = (X ® E)
applied to the special case X = X BG, E =S/p. We obtain
E2, = H(BG.m(Sp)) = mert( BG @ S/p)

We make two observations.

e For each n = s +t, there are only finitely many contributions, since we must have both s,t > 0.

e 7:(S/p) is finite. This follows from Serre’s theorem and the les associated to the sequence

SLS->S/p
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It suffices to show homology of BG is finite for any abelian group M, which is true, as BG has only finitely
many cells in each dimension. O

Proposition 4.11. Let I be a set and let V' a finite dimensional F), vector space.
1. The natural map
N NtV
@(Sp)t - (@Sz))t
(0% «@
s a p-completion.
2. The natural map
NtV ~\ NV
(EB Sp )t - ((@ Sp)p )t
ael ael
s an equivalence.

Proof. Step I. Reduce problem with smashing Moore spectrum. By 6.3 and definition of p-completion, it
suffices to show both maps are equivalences after smashing with Moore spectrum. Indeed, for a geneeral
spectrum X, there is functorial orthogonal factorization

GspX - X - Xy
to a S/p-acyclic spectrum Gy, X, and a p-complete spectrum, X,. This implies
A X - X, is an equivalence after smashing with S/p.

B From the diagram
GsppX — X — X

Loob

GspY — Y —— Y,

If X,Y are both p-complete, and they induce an equivalence after smashing with S/p, by 2-3 law,
X — Y is an equivalence.

Step la. Reduce case to 1. and Fp. In the case of 2. By 6.2, and observation A, the map is an equivalence. In
the case of 1, we observe the fiber sequence

Gs/pS > S =S,
of p-completion implies that
S/p—Sy®S/p

Thus as smashing commutes with Tate construction and coproducts, we are reduced to proving equivalence of

@/ - (@St

(o3

Step II. Prove that m;(7<,S/p)tV is pro-constant with value m;(S/p)tV. By [NS18, I11.1.8], it suffices to show
with a sequence of finite sets whose limit is finite. This boils down to showing (S/p)!V has finite homotopy
groups. We will omit the proof of Step II first.
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Step III. Prove that Step I commutes with inifinite direct sum. {m;(T<, (@ S/p))Y }n = (B S/p)tV.
Step Illa. Apply direct sum. The functor A — @, A is left exact between abelian groups. As pro-isomorphism
are absolute under left exact functors, '°

{mi(@(renS/D)"" )} = m(D(S/p)™) (6)

where we used that m; commtues with coproducts.

Step IIIb. Bringing @ into tV. Tt follows from 4.13, exactness of (-)ng, (=), that tV commtues with

coproduct in this case. Further, 7, : Sp BELN Sp,, = Sp commutes with filtered colimits (and is exact) hence
commutes with coproducts. Hence, the system in lhs, is in fact

{7i((ren DS/P)" ) }bn = mi(D(S/p)™) (7)
Step Illc. Apply Milnor lim'. The particular sequence we apply to is

o (Ten PSIP)Y = = (10 D S/p)Y

Thus, we may commute the m; with lin Hence, we obtain
m(DS/p)" = milim(r<, D S/p)"" = m (D(S/p)")

using that Tate construction commutes with Postnikov for the first equivalence. O
Corollary 4.12. (@S,)"" is connective.

Proof. Step I. Reduce to the case of one indexing set. As completion of an S-module remains connective, by
1. of 4.11, it suffices to show the case for (S,)".

Step II. Segal conjecutre is p-completion. We know S*V is p-adic equivalent (SPA)W. Since S*V is p-complete,
Segal’s conjecture, 4.9 implies it is a (p)-completion of connective spectra, which is connective. O

In the above we have used the following lemma.

Lemma 4.13. Homotopy fixed points commuting of filtered colimits. For G a finite grp, {X; }:e; a uniformly
bounded above filtered colimit of G equivariant spectra. Then

: NRG 1 \hG
(lim X;)"™ = lim (X;)
4.2 Proof of proper Tate version
Corollary 4.14. Let X ¢ SpG7 X7E fits into a cofiber sequence
colime (X)) pw i » X" » X7

for some contractible category &£.

Proposition 4.15. Let I be a set and let V' a finite dimensional F), vector space.

10we have slept under the rug of the indexing of n.
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1. The natural map
D)™ - (@S,
« e
18 a p-completion.
2. The natural map
(@ SPA)TV - ((@ SpA)pA)TV
ael ael
s an equivalence.

Proof. Step I. Reducing the problem to Tate construction. We claim that by 4.14 we have the following
diagram of functors

(I —— ()" —— ()

| | |

colimygyee (=) nyyw —— ()" —— (=)

l [

F:Z COlimwgv((—)tW)hv/W > * > EF

where each column and row are cofiber. To obtain the formula for F' we note that the indexing category £ in
4.14 is contactiblle. Hence we rewrite

(=)nv = colime ((=)") v yw

Result then follows from exactness of the functors involved. How we will apply this diagram is to show that
every thing can be reduced to checking for

()" v yw
Step II. The properties of map. In the case of (2) it suffices to show that XF and (-)!V satisfies the property

PBS, = (BS,), are mapped to equivalence
(03

This is reduced to show that the map ((—)tW)hV/W satisfies the property. Similarly, for the equivalence
(1) after smashing S/p. In this case we will need the further fact that hy i commutes with infinite direct sums.

Step Illa. Prove that (@ SPA)TV) is p-complete. As p-complete spectra is closed under extension and finite
colimits, it suffices to prove the case for

(D S;f)tw)hV/W ~ (@S, © BV/W
Note that the the action is trivial: this is true in particular when the sequence

splits. But this holds as we are working with F,-vector spaces.

By characterization of (p)-completeness, this is equivalent to checking the inverse limit

-5 (BS)" @ BV/W 5 (BS,)" @ BV/W & (PS,)" @ BV/W



4.2 Proof of proper Tate version 18

is zero.
Step IIIb. As have proven as corollary, (©S,)™" is ocnnective. Now each homotopy group ﬂ’k(l(iin C;) depends
only on 7y, mi—1 of each term. Observe then we have the exact sequence
sk, BV/W — BV /W — cofib(fr)
where the cofiber is L + 1-connective. So by les we have that for L sufficiently large, we have
mx(A®sky BV/W) ~m,(A® BV /W)
this follows as if A € Sp,;,cofib(f) € Spsy.q then their tensor lies in Spyy,;.;- Hence

7 (A® cofib f,) ~0
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5 Appendix A

5.1 Free resolution for O-algebra objects
In this section, we explain how we can construction a free resolution for algebra objects.
Context 5.1. We state the context here

e Let p:C® » OP be a fibration of co-operads, [Lurb, 2.1].

e Denote Alg,(C) as the O-algebra objects of C, the full subcategory of Funpe (O®, D®) spanned by
fibered maps which preserves inert morphisms.

Remark 5.2. The reason for the notation is that this is distinct to the category Algy(C) defined in
[Lurb, 2.1.2.7]. These coincides when O® = Fin,.

Proposition 5.3. [Lurb, 3.2.3] The canonical forgetful functor
U:Alg;o(C) » Funp(0,C)
satisfies the following properties.
1. U admits a left adjoint.
2. U 1is conservative.

3. Suppose that the fibration of co-operads is compatible with k-small sifted simplicial sets, then G commutes
with k-small sifted colimits. In particular, with k-small geometric realizations.

Proof. 1. Follows from [Lurb, 3.1.3.5]. 2. follow from [Lurb, 3.2.2.6]. 3. follows from [Lurb, 3.2.2.3]. O
Now we may apply the co-Barr Beck Theorem.

Theorem 5.4. [Lurb, 4.7.3.5] Let G : D — C be a functor which admits a left adjoint. The following are
equivalent

1. The functor G exhibits D as monadic over C.

2. There exists a an E;-monoidal category £® which acts on C by the left, and an algebra object A € Alg(€)
exhibiting commuting diagram
D —=—— LModa(C)

N

3. The functor G satisfies the following conditions:

e The functor G is conservative.

e Everty G-split simplicial object admits a colimit in D and is preserved by G.

Remark 5.5. Going from 1 to 2 is by definition of monadic. Here we take £® = Fun(C,C)®, A =T ¢
Alg(Fun(C,C)) to be the endomorphism monad, [Lurb, 4.7.3.2].

The hard part is to go from 3 to 1. For this we utilize the notion of Bar construction, [Lurb, 4.4.2].
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Corollary 5.6. [Lurb, 4.7.3.14] Let G : D - C be a monadic functor. Then for every object D € D, there
exists a G-split simplicial object having colimit D, such that each D, lies in the essential image of F.

Proof. By equivalence of 1 and 2, it suffices to prove the case for LModr(C). This follows from from the bar
construction, [Lurb, 4.4.2.7] and remark [Lurb, 4.7.2.7] that

[Barp (T, M)e| ~ M
O

Corollary 5.7. Every object A € Alg, (C) is the geometric realization of a simplicial object in A,, where
each A, is free, i.e. in the essential image of left adjoint.

Proof. Hypothesis of 5.4 are satisfied for the adjunction 5.3. Now apply 5.6. O

5.2 Ends and coends

We define the notion of end and merely state the desired results. Let us recall twisted arrow oo-categories.
There are various places for details of this construction, for example [Lurb, 5.2], [BG16, 1].

Definition 5.8. Let X be a small category, and @(X) — X x X denote a twisted category of X.
Remark 5.9. For an category X, this is the left fibration classifed by the functor
XPxX->S8
(¢,d) » Mapx (c,d)
Definition 5.10. Let T: X°? x X — C be a functor, then the end is given by

fX T := (%i(r)r{l)T 0 O(X) (8)

Proposition 5.11. [Glal5, 2.3] Let D be any category, F,G: X — D be functors. Then

FP’xG~M FG
[X x apFun(X,D)( ,G)

5.3 Hurewicz for (p)complete rings

Here we review a classical piece of spectral sequence in the spectral setting, [Lurb, 7.2.1]. In this discussion,
we always let R to be an E;-ring. Here we outline the consturction

Construction 5.12. [Lurb, 7.2.1.18] Let M € RModg, N € RModg. Let S be the collection of all left
R-modules of the form R[n] where n is an integer.

e We obtain a spectral sequence {EP9,d,.},»2 associated to the simplicial spectrum M ® g P, where P, is
an S-free S-hypercovering of V.

If we unravel this, we observe that
1. The normalized chain complex associated to 7, P, is a resolution of 7w, N by garded free left 7, R-modules.

2. We have canonical isomorphism
EY* = Torp* ™ (m. M, . N) (9)
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Lemma 5.13. If N € (LModg)sn, then we can find a quasi-free resolution P, with P, € (LModg)sy.
Corollary 5.14. Let R be a connective Eq-ring, M € (LModg)sk, N € (LModg)s; then

e M ®r N e (LModg)sk+i-

o T (M &g N)~7mM ® g mN.
Proof. Let us take a resolution of N as given by from 5.13. In otherwords, we have

o Py -, P> N
of graded 7, R modules. And E5'* is given by taking pth homology of the following complex,
> T M ®r g TPy = > T M ®n, r Py = 0

In each graded module, the first nonzero term occurs at

SR+l
Eg * ﬁ’/TkM®ﬂ-OR7TlN

O
Corollary 5.15. Hurewicz Theorem. Let X € (Sp)sk. Then
o H.(X,Z)~m.(X®HZ) ~0 for all »<k.
e The Hurewicz homomorphism
Se X - HZe®X
induces an isomorphism in homotopy groups at 7.
Proof. We apply 5.14, with R =S. Hence, first proposition is clear and
T(HZQ X) ~Z @z mp X ~ mp X
O

Corollary 5.16. Whitehead theorem. Let f: X — Y be a morphism of bounded below spectra. Then f is
an equivalence iff it induces an integral equivalence, i.e.

HZ®X - HZ®Y
is an equivalence.

Proof. Only if follows from functoriality of HZ ® —. Suppose we have integral equivalence. Construct exact
sequence

X Ly o cofib(f)

By the long exact sequence cofib(f) is bounded below and is HZ-acyclic. If cofib(f) # 0 it has a minimal
nontrivial homotopy group, giving nontrivial homology group, contradicting Hurewicz, 5.15. O

Corollary 5.17. A map of spectrum is an F, equivalence if it is a p-adic equivalence. Conversely, if both
spectrum are bounded below, then I, equivalence implies p-adic equivalence.
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Proof. Step I. A standard fact? Note that if we have an SES
0-A-B->C-0

in abelian groups, the map in spectra
HA—-HB - HC

is a cofiber sequence. This follows from the associated LES. Now by comparing the cofiber sequences
HZ - HZ - HF,

Z®S—->Z®S—>Z®S/[p
we obtain Z® S/p ~ F,,.

Step II. The first proposition follows from applying — ® Z. The second follows from Whitehead theorem 5.16
and preservation of connectendes. i.e. if one map below is an equivalence, so is the other

X®S/p-YY/p

XoF,>X®S/hpeZ-Y®S/peZ=Y QF,
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6 Appendix B

6.1 Properties of Tate construction

Lemma 6.1. [NS18, 1.2.6] Let Y be a spectrum with G-action for some finite group G/ The natural maps

VG S5 lim(7e,Y)"
«—

n

Yie = lm(7eY )na

V' > lim(7, V)™
<«

n

are equivalences. We have a similar one for lim.

Proof. The first part follows as (-)"® commutes with limits. It suffices to prove the case (=),g. Being a
colimit (-)n¢ is exact. As Ccp, = C is a colocalization, it is closed under colimits. The fiber of the map

ﬁbn - YhG - (TSnY)hG

is thus n-connected. The functor lin is exact, as it commutes with fiber sequences. Applying to the above
fiber sequence, we obtain

fib = @ﬁbn =Yg — yl_n(TsnY)hG

n n

Completeness shows fib ~ 0: one may start with various definitions of completeness, whatever form, one
consequence is X ~ {in T<nX for all X. Hence, we write each fib,, ~ liLIlk T<k fib,,. This yields
n

lim lim 7, fib,, ~ lim lim 7, fib,, ~ im0 ~ 0
«—<«— - «— <«— = <«
n k k n k

Lemma 6.2. Let X € Sp©. Smashing with Moore spectrum commutes with Tate construction.

Proof. (-)!¢ is exact, since both (=)ng,(-)"? are exact. This then follows from definition of Moore
spectrum. O

Lemma 6.3. [NS18, 1.2.9] Let X be a spectrum with C, action which is bounded below. Then X'C7 is
p-complete and equivalent to (X,)!¢7.

Proof. Step 1. Reducing to the case when X is bounded. The canonical map X — X, is a p-adic equivalence,
i.e. smashing with S/p is an equivalence. By 6.2,
Xth N (XpA)th

is a p-adic equivalence. By 1.15, X,is also bounded below. Thus result follows if X tC» is p-complete. By 1.1,
limits of p-complete spectra are p-complete. It suffices to prove the case for bounded X.
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Step II. Apply the Postinkov tower and reduce to EM spectrum. Wlog, suppose X € C<,, N Csg. Decompose
X by its Postnikov tower,
0

|

Ten X —— m, X[n]

4
|

T<1 X < m X[1]

l

X — 70X 2meX
where m; X[i] are discrete spectrum which fit into fiber sequences
miX[i] > 7 X > 7i1 X

From structure, 1.1, p-complete spectra are closed under extensions. By inductions it suffices to prove the
case for Eilenberg-MacLane spectrum
M{[i]

Step III. Reduce to problem of classical Tate cohomology. By definition m; M[i]'Cr ~ H”*(C’p,M)7 the Tate
cohomology. This has p-torsion. Hence, the map

MT[i] = M[i]
is 0. Thus by characterisation 1, M[¢] is (p)-complete. O
Corollary 6.4. The statement holds if C,, is replaced any p-group'’ G.
Proof. The exact same proof follows, where it suffices to in Step III to show that the group cohomology of

any module M over G is p-torsion. The nth cohomology groups are a module over H°(G,Z) ~ Z/|G]. O

6.2 Proper Tate construction revisted
As usual, all groups G here are considered as finite discrete groups.
Definition 6.5. Let Og denote the orbit category. It is the full subcategory of Sg spanned by G/H.

Remark 6.6. This is equivalently the category of finite transitive G-sets with G-maps. Indeed, for any such
set X, the orbit space of any chosen point x € X is equivalent to G/H,, where H, is the stabilzier of x.

We identify G-spaces as presheaves via Elmendorf’s.

Theorem 6.7. Elemendorf. The functor
Fun(G,S) - Fun(OZ.S)

sending X — Maps(—, X) is a localization, inverting G-weak equivalences.

M Order of group is a power of p
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Definition 6.8. In light of Thm. 6.7, given a G-space X, we denote X (G/H) by X*H.

Definition 6.9. Let F be a family of subgroups of G. Then the classifying space for a family of subgroups
is given by
x ifHeF

E}_(G/H) = {@ S HeF

We will be using the special case F = P the proper subgroups of G.

Corollary 6.10.
g ifX%4g

MapSG (X, EP) = {x- if XCrgp

Definition 6.11. We let EP denote the cofiber in pointed spaces,
(EPg), - S° - EPg

This is commonly referred to as the isotropy sequence. The first map is induced by the teminal map EP — *.

Definition 6.12. Let O — Og be the the full subcategory of O¢ spanned by G/H where H ¢ G. This is
equivalently the transitive G with nontrivial G-action.

Lemma 6.13. EP = colimg,peo, G/H.

Proof. This is by the formula of Kan extension along Yoneda embedding and 6.10,

EP=~ lim G/H~lmG/H
— —
(Oc)/eP (@

Definition 6.14. Geometric fixed points.
®%:SpY > Sp

is given by
X~ (X0 SSEP:)Y

Corollary 6.15. Geometric fixed points commutes with all colimits.
Proof. Note that by construction, categorical fixed points
(-)¢:Sp” > Sp

commutes with all colimits and limits. This is because it is given by a diagram in Prf of compactly generated
categories.'” Hence it commutes with limits and filtered colimits. As SpG is stable, it commues with all
colimits. As ® commutes with all colimits separately, result follows. O

Corollary 6.16. Let X ¢ SpG7 X7 fits into a cofiber sequence
colime ((X)"™)pwp - X" > X7¢

for some contractible category &.

2morphisms are right adjoints which commutes with filtered colimits.
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Proof. Step I. First resduction.
X7~ 9% (BX)
~ cofib ((SZ (EPg)+ ® BX)Y - (£55° ® BX))
~ cofib (colimo_ (£ (G/H). ® BX)% - (535" ® X))
~ cofib(colimo, (BX)H - pX)
Step II. Applying a projection to compute colimit We consider the functor
Og = pOg = {cjg. class. of prop. subgroups of G}

H ~ cjg class of H

If we let
T:05 - Sp,E~ ET

be the functor, of interest, its lke, p/T, along this projection shows
colim 7T =~ colimp, T =~ colimc;/lm,oa colim(@&)/cm T

but note that each of the fiber is equvalent to BW H, where W H := NH/H is the Weyl group.

Step I11. finishing off the last equivalence.
colimoz; (ﬂX)H ~ colim,o- ((ﬁX)H)hWH

Now by [Narl8, Prop. 11], we have
6XH ~ XhH

We will omit the proof of the following lemma required, which is shown in [Nar18].

Lemma 6.17. Let X € SpG then
(S5G/H, ® X)) ~ X7

6.3 Pro-objects

We describe some basic notions underlying pro-objects.

Definition 6.18. Let C be any category with finite limits. Pro(C), is an infinite category with all limits
staisfying

e There exists a limit preserving map C — Pro(C).
e Given any category D with all limits, restriction induces an equivalence
Fun®(Pro(C), D) ~ Fun®(C, D)

The lhs is the category of limit preserving functors, whilst the rhs is the category of finite limit preserving
functors.
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Remark 6.19. Though I have written C < Pro(C), by construction, we can show C generates Pro(C) under
cofiltered limits, and C includes fully faithfully.

Definition 6.20. An object in Pro(C) is constant if it is equivalent to an object in the image of C - Pro(C).
Corollary 6.21. If C have finite limits. A cofiltere diagram F': I — C is constant iff

e F admits a limt in C.

e For any finite limit preserving, the inverse limit of F' is preserved by G
Our interest of application would to the following class of categories.

Definition 6.22. A stable homotopy theory. (C,®,1) is a presentable, symmetric monoidal stable category
where the tensor product commutes with all colimits separately.

Example 6.23. Any filtered colimit commutes with finite limit in the category of abelian group. This follows
from the fact the U : Ab — Set preserves and reflects filtered colimits. '*

Corollary 6.24. [Mat16, 3.13] Let (C,®,1) be a stable homotopy theory. For any cofiltered diagram
JF : I - C, if the induced pro-object is constant, then for any X €C,

n_;)nF(i) ®X - lililF(i)®X)

is an equivalence.

I3 There is a more general statement, for any cocomplete category which models an algebraic theory: these are generally
reflective, flitered closed subcategory of a presheaf category. Then the result follows pointwise.
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