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· History : Work of Beauville which studied
chow groups of abelian varieties
via Fourier transforms-

· Overview :

i) Abelian varieties.

ii) Chow groups

iii) Fourier transforms.

iv) what we have done.

~ For this talk , fix base field R
,
of char = o .



Abelian varieties . sepfe, int.

↓

Defin : An abelian variety over R . XeVarp
.

i) X - ComGrp (Vara)

ii) X is proper.

Let Avai be the category of Abelian variety .

Cor: X is smooth.

EX : R=C
.
XI)an = (8/ = (s))9
GAGA . latticetopologically .

- Abelian varietie / are complex
torus of ding . [if X has dimg].

EX : dimX = 1 . Avarr - Elle
is the same ascat of elliptic curves.



Chow Groups.

· algebraic versions of singular cohomology .

(24X) (AG+X)
· let X - Avai (deth work for any Varie

Det :
zi(x) : =#Ez] : SEATE) : aztR]
7 zX

"I-cycles" dimj
S

z5(X) &[2]
.

A 22.↳X
"I-cocylesi

↑

codin=j

Protem : these are quite big. There are var:
equivalences. We consider rational equivalence.

It is the equivalence ger . by the following
quadruples (V , p ,g , f).

f
+(p) ->VxXxP=f (g)

↓ + ↓
L ↓

Sp -+It 593



· VEZj(XX') j+1) - dim subviety
in XXP!

- p , 9 -pl

· g : V-> P is a dominant map

If we take ftCp) , f
+

(g) these are

two j-dim . Sob var of X . Lie,+if + Zj()

We demand these to be equivalent

f+ (p) - ra+ + (q)

Defi : CHix) := zi(X)/ wrat .

= CHi(X)
.

EX : CH'(X) = S1-cocycles ,3 I what
~ Div(X)/ principal divisos
= Pic(X)

(line bales onX) /wiso.

Ex : if X isimg .

CHO(X)= [X] .



Chow groups have two ring str.

Note : if fix+ Y is a map

then - a map f= CH(Y) -> CH(X) .

i) The intersection productn

**
CH(x) x CH(x) -> G(XXX) - CH(X)

[E)
, IWS If [EXWS HALEXWI)

This is characterized by :

if Z , Wintersect transverally , then

Ez] 1[w] := A* (TEXw7) = [EnW] .

ii) The convolution structure , *

m

CH(x) x CH(x) -> G(XXX) - CH(X)

[E)
, IWS If [EXW] Hm(EXW]

where m : is the Multiplication XXX -> X

(E) * [W] : = mx [[EX WJ).



Understanding via chern character map.

Det : let K(X) be the Gothendick group
of coherent sheets on X .

· let Pic(y) be the group (d) of line
bdies on X Opto isomorphism.

"The free group on vectors bales on X"
· Need to know : ifE is vb .

on X , then

regard it as locally fee sheet on X , giving
on element [E] - k(X) .

There is a chern character map is a ring map.

(k(X) ,x) (CH ,
g)

Induced from
Ch1
=> (CH(X)a , u)(Dic(X)a ,

x)

[OCD)=2) [D]- only has
G
finitelyWe set
manyCh(2) := ed= terms.

M

Ch
,
(2) := ch

.
(1) v ch , (2) n . . . nch .Ch)

.



·

The integral Fourier Transform .

dim=g.Deth : let X- Avork

· ThereI a canonical line bale on XXX" , P

where XV is the dual abelian vanely . (Pic]

· we obtain Ch(P)-CH(XXXV)
· from

chern character map.

Consider diagram :

XXXV
* x

XvX

i) let 1:=[ :) , U : = 2g ! ch(PC
2V := (g): Ch(PY

CH(X) *1 Fornier
Il

Mukai
F : CH(X) -> CH(X)

S 2

-x (p1)05)
F : CHIXY -> CH(X)1

- j : Pex (Py() 15) .



Then : we obtain

IV
1

(CH(X)n
,
+)
=

(CH(X(s ,
c)

and we proved that

FroF = H19o[-D
Y

Whore [-1JP : CH(X) --> CH(X)A

indued from X, X

11 -X at level ofpoints

History : this was done by Beauville over Q.

Cori can study torsion aspects.


